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2 self-similar solutions of the localized induced approximation 

1. Introduction 

In this paper wc continue the investigation started in [H] about the creation of singularities 
in a self-similar form for the binormal flow 

(1) X 1= X s xX ss , 

with X(- , t) a curve in R 3 parametrized by s the arclength parameter for all time t. This 
flow was proposed by Da Rios [Hj, and rediscovered later on by Arms and Hama pQ, and 
Betchov [3], as an approximation of the evolution of a vortex tube of infinitesimal cross 
section X(- , t) under Euler equations. This approximation 1 only takes into consideration 
the local effects of the corresponding Biot-Savart integral. For this reason (JJJ is also known 
as the Localized Induction Approximation (LIA). Notice however that, if use is made of the 
Serret-Frenet formulae 

{T s = cn 
n s = -cT + rb 
b s = rn, 

then can be also written as 

X t = cb, 

where c stands for the curvature, and b for the binormal vector. 

Intimately related to the above flow is the one described by the tangent vector T(s,t), 

T t = T x T ss . 

Calling r the circulation of the vortex tube, the singular vectorial measure ~oJ = TT ds gives 
the corresponding vorticity. Therefore, if we want to keep in the model the fundamental 
property that the circulation along the tube be constant, we have to take T a unit vector- 
a property which is preserved under the flow. This has as a serious drawback -see |2())-. 
that if the filament is closed, then the total length has to be preserved (at least if a minimal 
regularity of the filament is assumed) . We wish to emphasise that T represents the direction 
of the vorticity vector j^t. It was proved in |2j that, among other conditions, the divergence 
of the integral 

(3) [ sup\V x {^)\ 2 dt = oo 

J I x I W I 

■'"We refer the reader to |2], )19| and 1201 for a detailed analysis of the model. 
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is necessary for the formation of a singularity in Eulcr equations for some time in the interval 
/. In our setting the above integral reduces to 

(4) / sup|T s (s,i)| 2 dt = / sup \c(s, t)\ 2 dt = oo. 

J I s J J s 

In jS] we looked at self-similar solutions of (JIJ with respect to the unique scaling that 
preserves arclength. In this case, it can be easily proved -see 0], ^2], an d El~ that 

(5) X( S> t) = VtG C0 (s/Vi), 

with G Co the curve determined by c(s) = cq, cq denoting a constant, and r(s) = s/2. Here 
r stands for the torsion. As a consequence, c(s,t) = co/y/t and (@J) holds true in this case. 

The main purpose of this paper is to characterize all the possible solutions of such 
that |0J is verified in a self-similar way, that is to say such that the curvature is self-similar 
with respect to the scaling 



c(s,t) = 




Accordingly we take f(s,t) = t(s / '\ft) / '\ft. Also recall that from the Hasimoto transforma- 
tion -see 50]-, if 

(6) ^(M) = 5(MK J ° f(s '' t)ds ', 
then 

(7) t^ t + ^ ss + ^(\if + a(t)) = 0. 

Writing i(j(s : t) = ip(s/^fi)/^/i and assuming a(t) = a/t for some constant a, we get that 

(8) ^"-i^ + s^ + t (|Vf + a)=0. 

Either looking at @ or at @ we conclude that for any a there is in principle a two 
parameter family of possible solutions. As we have already seen -see jH]-, the solutions (0), 
except by rotations, are characterized just by one parameter (co). However, if we consider 
(|7|) , the initial conditions that can develop into self-similar solutions have to be homogenous 
of degree —1, which gives two free parameters. One is the S function which on integrating 
the Frenet system of equations leads to the kink solution of Q obtained in |Hj. The other 
candidate is to take ip(s,0) = p.v.(l/s), as initial condition of (0). In this case, when 
we perform the first integration in s, a logarithmic term appears which breaks the scaling 
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symmetry. Therefore, in order to see these "self-similar solutions" in the framework of Q 
we have to make a modification of the usual ansantz given in 

Take A a real antisymmetric 3x3 matrix and define for some G 

(9) X{s,t)^e^ lost VtG(s/Vt). 

If we ask that X(s, t) be a solution of Q), we get that G has to solve the system of ordinary 
differential equations (O.D.E. for short) 

(10) (J + A)G - sG' = 2G' x G", |G'(s)| 2 = 1. 
Multiplication by G' and from the vectorial identity 

F x (G x H) = (F • H) G - (F • G) H, 

we get 

(11) G" = -(I + i)GxG'. 

Given any initial condition (G(0),G'(0)) with |G'(0)| 2 = 1, it is very easy to prove global 
existence of a solution G which solves the above equation (see section EJ). 

In scction|21 associated with the solution G, we shall prove the existence of regular X(s, t) 
of the form solving the following problem: 



X t = X s x X ss , t > 0, s G 



(12) 



X( S ,0) = S e- 41 °gl^A+ X[0!+oo) ( S )+ S e- 41 °gl s lA- X( _ OOi0] ( S ) , 

for some (A + , A~) e I 3 x I 3 . Here, xe denotes the characteristic function of the set E 
and, due to the invariance of LIA under rotations, we can assume without loss of generality 
that 

^ -a ^ 

(13) A= a , o€R. 

^ j 

The initial data X(s, 0) in (|12fl includes a wide variety of 3d-spirals, whose rotation axis is 
the OZ-axis under the assumption (|13|l on the matrix A. The initial data X(s, 0) is singular 
at s — whenever, either a = and A + — A~ ^ 0, or a ^ and the first two components 
of either A + or A - arc different from zero. The singularity of X(s,0) becames clear on 
studying the behaviour of the tangent vector T(s,0) at s = 0: in the case when a ^ 0, the 
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singularity at s = comes from the non-existence the limit lim s ^o T(s, 0), whereas if a = 
we find that T(s, 0) has a jump singularity at s = (see jHj)- 

It is important to mention that, because X(s, t) is of the form @, the shape of the curve 
X(s, 0) is directly related to the asymptotic behaviour of the solutions of Qllfl . In this setting 
we have the following theorem: 

Theorem 1. Given (G(0),G'(0)) with |G'(0)| 2 = 1, let G(s) be the solution of asso- 
ciated to this initial data. Then, there exist unique vectors B ± with \B \ = 1 and A = 
(I + A)~ 1 B ± such that the following asymptotics hold as s — > ±oo: 

i) G(s) = se Alo ^A ± + eAl ° s SlSl {2c 2 ±oc B ± - AB ± x B ± } - 4 + O 

ii) T(s) = e- 41og l s lB ± - 2^^- + 

s 

m) Moreover, if a ^ 0, £? 3 7^ ±1, and c±oo ^ 0, i/ien 

c ±00 (n-ib)(s)= ^pe*)^ 1 "^!!^ x B± - *^B±} + O f -J . 
to) J/d^O and eif/ier 5^ or Bjf e {+1,-1}, then G(s) = (0,0, ±s). 
ffere 2 , = (s 2 /4) - 7± log |s|, a± € [0, 2tt), 

7± = 3a5* + a, c 2 ^ = -a5± - a, 
b 2 ± = a 2 (~aB± - a) (1 - (B±) 2 ) wif/i 6± > and 
a = - a T 3 (0)-i|(X + ^)G(0)| 2 . 
Remark 1. In (i) and (n) we understand that c± oc n = c±oob = 0, whenever c± oc = 0. 

Conversely, we can fix the data at infinity and find (G(0), G'(0)) such that the asymptotics 
at infinity of the corresponding solution G is prescribed by the given data. More precisely: 

Theorem 2. Given a ^ 0, B+ = (B+,B+,B+) E § 2 with B+ ^ ±1, a + E [0, 2tt) and 
b+ > 0; there exists a solution of $10)) satisfying (i), (ii) and (Hi) of Theorem^ if s — > +00 

2 {T, n, b} is the Frenet frame associated to G, c(s) the curvature function, and c±oo = limg—^oo. c(s). 
The existence of the limits c±oo will be proved in Corollary HI 





(i 
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and B + = (T + A)A. + . Moreover, if 6+ > 0, the solution is unique. A similar result can be 
obtained at s = — oo. 

The proofs of Theoremsnand|21are related to the asymptotic behaviour of the solutions of 
the complex O.D.E. ijSJl. In order to integrate ©, it turns out that, it is better to introduce 
the variable f(s) defined by 



The theorem below gathers the main properties that we prove for the solutions of the latter 
equation: 

Theorem 3. Let f be a solution of the equation 



(14) 



Ms) = f( s y s2 /\ 



and consider the equation 



r+^/'+fd/i 2 +«)=o. 



(15) 



r+^/' + f(i/i 2 +«) = o, 



Then 



i) There exists E(0) > such that the identity 



\f\ 2 + l (\f\ 2 + af = E(0) 



holds true for all set. 
ii) The limits lim s ^ ±00 |/| 2 (s) = \f\ 2 ±oc and \\Ta s ^ ±oc |/'| 2 (s) = l/'l 2 .^ do exist. 
Hi) Moreover, if \f\ +oa ^ or \f\-oo °, then 




Here, |/|±ooj |/'|±oo > 0, c± and d± are arbitrary constants in [0, 2ir), 



^2(s) = (|/| 2 tco +a)log| S |, 



and cf> 3 (s) = -(^ 2 /4) - (2|/| 2 ±oc + a) log \s\. 



Moreover, we also prove the following converse of the above theorem: 
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Theorem 4. With the same notation as in Theorem^ given complex numbers \f\ +00 e' lSl 
and \f'\ +00 e ie ' 2 , with |/| +oc , |/'|+oo > and 6\, 82 G [0, 2tt), there exists a unique solution 
f G C 2 (R) of $15\) satisfying (iii) of Theorem^ if s — > +00. A similar result can be obtained 
at s — > —00. 

The asymptotic behaviour for the solutions of l|15[) given in Theorem is not only used 
in the proof of Theorems and El but also it is used to prove an ill-posedness result for 
the following initial value problem (IVP for short) related to non-linear cubic Schrodinger 
equations: 



(16) 



iVt + V^ + !(IV>| 2 + y) = 0, t>0, sel, a>0 



^(s,0) = ap.v.(l/s), with ciSC\{0}. 
This paper is organized as follows. Section[21contains the results related to solutions of the 
binormal flow. For the reader's convenience, we split Section [21 into different subsections. 
In Subsection 12.11 we prove the existence of solutions of LIA that converge uniformly to 
an initial data in the shape of a 3d-spiral. The exhaustive asymptotics for G and T in 
Theorem H will be proved in Subsection 12.21 Finally, the proof of Theorem [21 is included in 
Subsection 12. 31 

The key point for the asymptotics of T and c(n — ib) is to look at the quantities 

dlT'l 2 1 
(17) y = and h = AT ■ T' . 

ds 2 

In fact, (y, h) solves the system -see H105J) and RcmarkEl 

y' = sh + 5 (|T'| 2 ); 9(\Tf ) = 2E(0) ~ (3|T'| 2 + a)(|T'| 2 + a)/2, 



(18) 



h' = --y, 



where E(0) = a 2 /A. 

In the case c(s) 7^ 0, then 

(19) /, = c 2 (r- S /2), V=^> and | +»*=//', 

where / is given in Ijl4(l and is a solution of Q5t - In fact, the equation H15(l will be reduced to 
solve the system l)18[l. The study of the properties of the solutions (y, h) of the latter system 
of equations, together with the proofs of Thcorcm[21and its partial converse Theorem 0] arc 
saved for Section 0] 
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Wc conclude this paper with Section [SJ This section is devoted to proving more specific 
facts and consequences on the results obtained in the previous sections. Here, we consider 
two special symmetric cases of solutions of LIA. Also wc discuss the question of ill-poscdncss 
for the IVP and the binormal flow. In particular, in Proposition 0] we prove the lack of 
uniqueness of weak solutions for the IVP associated to LIA when the initial data considered 
is a curve in the shape of a corner. 

We finish this section giving some of the notation that will be used through this paper. 
In the sequel /', f s or df jds will denote the derivative with respect to the variable s of /(s). 
Unless it is explicitly stated otherwise, we will use bold and gothic letters to denote vectors 
and matrices, respectively, and the overbar will indicate the complex conjugate. Finally, 
S n_1 will be the unit sphere in the euclidean space R™. 

Acknowledgements. The authors would like to thank J. Rivas for her tireless help with 
the figures of this work. We also want to thank R. Jerrard for enlightening conversations. 

2. Proofs of the Theorems 
Given n£l, define for some G 

(20) X a (s,t)=e^ lost VtG{s/Vi), t > 0, 

where, as we have already said in the introduction, A is assumed to be, with out loss of 
generality, the matrix 



(21) A = 






—a 





a 








v° 









a G 



It is easy to see that X a (s,t) is a solution of LIA if and only if G(s) satisfies 

(22) (1 + A)G - sG' = 2G' x G", |G'| = 1. 
Observe that the equation 1221) can be written equivalcntly as 

(23) G" = l(j + A)G x G', 
whenever 



(24) 



|G'(0)| = 1 and (2 + A)G(0) • G'(0) = 0. 
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Indeed, the equation IL'-ili easily follows from 12211 by taking the outer product of 12 I'll and 
G', and using the vectorial identity 

(25) Fx (GxH) = (F-H)G-(F-G)H. 

Now, assume that G is a solution of Ij23(l satisfying the initial conditions l|24|l . Then, we 
first notice that 

(26) ^ |G ' (s)|2 = 2G " ■ G ' = ((X + A ^ G X G ') ■ G ' = °' 
so that 

(27) |G'(s)| 2 = |G'(0)| 2 = 1, VseK. 

Secondly, the outer product of G' and (|23|1 together with the above identity yields 

G' x G" = i((J + A)G - (G' • (1 + A)G) G'). 
As a consequence, it is enough to prove that G' • (/ + ^4)G = s. To this end, notice that 

(28) ^-(G' ■ (J + A)G) = G" ■ (X + A)G + G' • (X + A)G' = 1. 

as 

and by taking into account that the outer product of 1231) and G" gives that G" ■(T+A)G = 
0, and that Av ■ v = 0. Here we have used the antisymmetry of A. Integrating l|28|l and 
using the initial conditions in (|24|l allow us to conclude that G' • (I + A)G = s. 

The previous observation reduces the problem of finding solutions of LIA of the form 
H2L)f) to proving the existence of solutions of (|23|) with initial conditions satisfying l|24|) . In 
this setting, notice that the local existence of solution of the initial value problem (|23|l - 
(|24|l follows from the classical theory for first order O.D.E. system. The global existence of 
C°°(R; Resolution follows from (|2Tjl . 

The proposition below summarizes the obtained results. 

Proposition 1. Given a 6 R, define 

( -a \ 

X a (s,t) = e^ lost V~tG{s/Vi), t>0, with A = 



a 
\ J 



where G(s) is the solution of 



G" = ^(1 + A)G x G' 
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associated to a given initial data (G(0),G'(0)) such that 

|G'(0)| = 1, and (1 + A)G(Q) • G'(0) = 0. 
Then, X a (s,t) is an analytic solution of LIA for all t > 0, and c 2 (s) is also analytic. 

Remark 2. The condition (Z + .4)G(0) • G'(0) = can be removed: Let G be a solution of 
(|23[l associated to a given initial data (G(0), G'(0)) £ M 3 x S, and consider G(s) = G(s— sq) 
with s = (2 + A)G(0) ■ G'(0). Then, G satisfies and the result in Proposition □ holds 
true for X a (s,t) = e^ lo ^^tG{s/Vt). 

Hereafter, we will assume without loss of generality that sq = 0, i.e. (T+A)G(0) ■ G'(0) = 
0. In the case when s ^ 0, the results that will be proved in the sequel for G will be valid 
for G. 




Figure 1. G(0) = (0,0, 2c ), G'(0) = (1,0,0), with (a,c ) = (10,1), 
(15,5) and (20,3), respectively. 
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Figure 1 depicts different examples of the curve X(s, t) at time t = 1, that is of G(s). 
The curves G(s) have been obtained solving the equation l)23|l with the initial conditions 
G(0) = (0,0, 2co) and G'(0) = (1,0,0). The subsequent plots correspond with different 
choices of the parameters cq and a. As we will continue to prove, the evolution of each of 
these curves G(s) under the relation in (|20|l leads to solutions of LIA which converge as 
t — > + to different curves in the shape of a 3e?-spiral. 

In what follows, we will often drop the subscript a in the definition of X a (s, t) in Propo- 
sition n an d just write X(s,t). Hereafter, c(s) and t(s) will be the curvature and tor- 
sion functions related to X(s, 1) = G(,s), respectively. Also, we will write cq = c(0) and 
c ±00 = lim s _> ±00 c(s). 

2.1. Convergence to the initial data. 

As in [H], the study of lim t _>o+ X(s,t) is based on finding an explicit expression of G(s). 
Here, we also obtain a formula of the tangent vector T(s) which will be used in the following 
subsection. 

For simplicity of the exposition, through this subsection we will write G' x G" = cb even 
when c(s) = 0, in which case the both sides of this identity will be understood to be zero. 
We begin obtaining a closed formula for G(s). Consider the quantity 

s 

Then, deriving with respect to s and taking into account that G is a solution of 1)221) . we 
obtain 

e -^io g | s |G\ = c -a\ox\s\-AG | e -^i og | a | f sG s - G 
s J „ s 2 \ s 2 



(29) = _2e-- 41og|s| 



cb 



and therefore, integrating the above identity in the interval [si, 5], we get 

(30) e -^io g |.|£(£)_ e -^ 1 o g |. 1 |G( f i) = _ 2 r s e - Aloe \s>\ * dg , 

s si 7 S1 (s') 2 

We need the following lemma. 



12 
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Lemma 1. If G is a solution of then 

(31) |T'| 2 (s) = -aT 3 (s) - a, with a = -aT 3 (0) - - \(I + ^l)G(0)| 2 

or, equivalently, 

c 2 (s) = - a T 3 (s)-a, with a = -oT 3 (0) - c 2 and c 2 = |(X + ^)G(0)| 2 /4. 

Remark 3. If a > and a > (rcsp. a < 0), then from (|31[1 it follows that G 3 (s) is 
monotone decreasing (increasing), and therefore G(s) has no self-intersections (see Figure 3). 

Proof of Lemma^\ Firstly, notice that i|22[l rewrittes as 

(32) (I + i)G = sT + 2TxT', and |T| 2 = 1. 
Deriving (|32[1 . we obtain 

_4T = sT' + 2TxT", T-T' = 0. 

Hence, 

ATxT = -sTxT'-2(T-T")T + 2|T| 2 T" 

2 

= -^(Z + y4)G + yT-2(T-T")T + 2T", 

by bearing in mind the vectorial identity 1251) and l|32|l . 

Next, from (1 + A)G • T' = 0, so that if we take the scalar product of the above 

identity and T', we obtain 

(AT x T) • T' = =1 — L 

as 

Finally, a simple calculation proves that, if A is defined by l|21(l . then the latter identity 
rewrites 

d\T>\ 2 

— =-aT 3 (s). 

The result follows by integrating the previous identity and noticing that, from (|22|l . |T'(0)| 2 = 
|(T'xT)(0)| 2 = |(I + ^)G(0)| 2 /4. □ 

Notice that, from the previous lemma, in particular we get that |c(s)| < C, Vs € R, and 
\a\ < M. 
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Then, if we choose si = ±1 in l|3U[) an( l let s — > ±00, wc conclude that the limits 
lim^-too e _ " 41og ' s 'G(s)/s do exist and are defined by 

A+ = lim e -^° g | s |G(£) 



s 



G(l)- 2 jf e-^l-^ds', 



(33) 

A- = lim e - Alo ^^ = -G(-l) + 2 e ~^W\ ds' . 

Now, choosing in (|30|l s = +00, s\ = s > and s = —00, si = s < 0, we respectively obtain 

/■+00 l 

G(s) = S e- 41o sl s lA + + 2 se - 41 °sl s l / e-- 41 ^! 5 l-^da', s > 0, 

A (s'r 

(34) 

G(s) = S e- 41 °sl s lA--2 S e- 41og l s l T e-^ log l s 'l ^rds', a < 0. 

J-oo (s'j 

Let us define 

B ± = (1 + A)A ± = lim e-- Alog l s lT(s), 

s — >±oo 

(notice that, because |T(s)| = 1, from the above identity easily follows that | !B ± | = 1). 

Then, deriving i|34[l and using the above notation, we obtain the following expressions for 
the tangent vector 

TOO = e- 41og l*lB+-2- + 2 e - 41og l s l [ +C ° e -^o S \s'\ (l + Mcb) s>Q 

s J s [s'Y 

(35) 

T(s) = e - 4lQg I^B--2--2e- 41og l s l [' e'- 41 ^ I s '' {I ± A ^ ch) da', a < 0. 

* J-oo ( s ) 

Corollary 1. The limits lim s _,±oo T^s) do exist, and therefore (see ) it follows the 
existence of c± oa 

We will now continue with the proof of the convergence of X(s, t) to the initial data. 
Precisely, we will prove the following result: 

Proposition 2. Let X(s, t) be the solution of LI A defined in Proposition^ Then, there 
exist A + and A G M 3 (not necessarily unitary vectors) such that 

se -4i°gM A + ; s > 



lim X a (s,t) = lim logt ^G a (s/V*) = 



se ^log| S | A - s<0 



14 
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with 

\X a (s,t)-se Alo ^A ± \ < 2Vt (sup \c(s)\) . 
Moreover, the maps T± : (G(0), G'(0), a) e I 3 x § 2 x R — > A ± are continuous. 

Proof. From the definition of the matrix A in 1)21(1 . it can be easily shown that e Al ° s ^ s ^^ 
is an orthogonal matrix V (s, t) such that \s\/^/t ^ 0. Also, the norm + < 1. 

Now, let s > 0. By taking into account the just mentioned properties related to A, from 
the expression of G(s) in i|34|) . we get that 



|X(s,t)-se- 41og|s| A H 



| e 4i°g*^G(s/Vt) - se Moels \A + \ 



2se 



2 s 



A log s 



[i og |/| (cb)(sQ ^, 



( S ') 2 



/V* 



,-^io g | s '|(£W) ds / 



/ \2 



< 2 ^sup |c(s)M . 
The same argument as above, where we now use Q34JI for s < 0, gives that 
|X(s,t) - se" 410818 ^-! < 2 fsup |c(«)| 



.■>(> 



Next, consider s = 0. Notice that, because X(s,i) = e^ logt v / ^G(s/\/f), we know that G(s) 
is solution of (|22|l . In particular, the evaluation of l|22|l at s = yields 



Hence, 



G(0) = 2(I + ^)- 1 (G' x G")(0), i.e., G(0) = 2 {1 + Ay 1 (c Q b(0)). 

|X(0,t)-0| = |e^ log ViG(0)-0| =^|G(0)| 

= \Tt\2{l + A)- l {c o h{0))\ < 2c V<||(X + ^)" 1 || = 2c Vi, 

with Co = c(0). The convergence result of X(s,t) stated in the proposition is an immediate 
consequence of the above inequalities. 

Finally, the continuity property of the maps T± : (G(0), G'(0), a) G M 3 x § 2 x K — > A ± 
easily follows from the expressions of A* in . the fact that c(s) is bounded (see Lemma^l, 
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and the continuous dependence of the solutions of the ODE IL'-ili with respect to the data 
(G(0),G'(0),a). □ 

2.2. Asymptotics. 

In the sequel, we will be devoted to study the asymptotic behaviour of G(s) and T(s), 
quantifying their wavclike behaviour through the vector c(n — ih). To this end, we will need 
a more exhaustive study of the properties of the curvature and torsion functions related 
to the curve G(s), in the case when c±oo 7^ 0. In order to clarify the exposition we have 
included this analysis in a separated section (see Section |3J). 
We will continue to prove the following theorem: 

Theorem 5. Let G be a solution of Then, the following asymptotics hold as s — > ±00: 

„.41og|s| „ 

i) G(s) = se Alo ^A ± + — s {24 :00 B ± -AB ± 

ii) T( s )- e - A1 °sl s lB ± -2^±^ + 

s 

Hi) Moreover, if a =/= 0, 7^ ±1 and c±oq 7^ 0, then 

I. p ia± / 1 \ 

c ±00 (n-zb)( S )= ^e'^W^xBi-^KOy , 
where <f>(s) = (s 2 /4) — y± log \s\. 

iv) Ifa^O and either B£ or B^ e {+1, -1}, then G(s) = (0, 0, ±s). 

Here, the vectors B*, A^ 1 , and the constants a±, b±, c± ao and j± are defined as in the 
main theorem (see Theorem^). 

Remark 4. The maps (G(0), G'(0), a) — ► (b±,a±) are continuous. (See the expression of 
z + = b+e la + in (|129|) . (|127|> . and notice the continuous dependence of the solutions of the 
O.D.E. which satisfies w\ with respect to the initial data. A similar expression can be found 
for z_ = 6_e m ~ ). 

Proof of Theorem\^ In what follows, we will reduce ourselves to consider the case s — > +00. 
The case s — » — 00 will follow using the same arguments. 
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Recall that in the previous subsection we have obtained the following expressions for the 
vectors G(s) and T(s) (see (J2JI and 

(36) G(s) = se Alos ^A + + 2se Alos ^ e~ Alog ' s ' - — — ds' , s > 0, and 

Ja (S'j 



(37) T ( s )= e - 41o sl^B+-2- + 2 e - 41 °sl s l / ° e -4i°g| S '| ( J +/)( cb ) rfs ' s>0 . 

s J s {s'Y 

Observe that, from the Serret-Frenet system (see (0)) n s = — cT + (r — s/2)b + (s/2)b, with 
ITI = Inl = Ibl = 1. Then, 



(38) = 2 J e - A1 °z\ s \-^(n 8 +cT-(T-s'/2)b)ds'. 

Now, notice that 



e -^io g | a |^i = ( e -Alo g \s\m\ _ e -A\os\s\ f _ fcs_ _ 3c 



Therefore, after an integration by parts and having into account that c(s) is bounded (see 
Lemma the identity (|38|) rewrites as 

[ + °° r -A\oK\s'\ cb a j _o P --Aio g | s |^ , 9 -axons' \ (A + 31)(cn) , 

Js (^') 2 " Js (ST 



+oo e -^llog|s'| 

-(s'f 



(39) +2 / , 3 (c 2 T - c s n - c(r - s'/2)b) ds'. 



Recall that G(s) satisfies that 

(2 + A)G - sG' = 2 (G' x G"), i.e., (1 + A)G - sT = 2cb. 

Then, by using the Serret-Frenet formulae, the derivation of the above equation with respect 
to s concludes that the unit vector T(s) is a solution of 

(40) .4T = c(s - 2r)n + 2c s b, 

from which it follows that 



(41) 



ytTxT = 2 (c s n + c(r - s/2)b). 
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The substitution of into JjSI yields 

r +00 e ~Aio e W\ * d , = 2 e _ Aloglsl cn + f +oc e _^ log CA + 3X)T, ^ 

J s \ s ) s J s \ s ) 

(42, - p. ^**gE.« +i £- 

(notice that, since cn = T s , the above identity holds true even if c = 0, what can be checked 
directly). 

As a consequence, we conclude the following expression for G(s) i|36[l 



G(«) = se Al °^A+-4^ 

s z 

+ 2se Alo ^\2 [ + °° e~ A1 °s ^ {A + ^ )Ts ds> - [ + °° e~ A ^ da' 

(43) + 2 j s e- A ^*\^ds< 

Also, from Lemma E] it is not difficult to see that the integral in (|42|l is an error term of 
order 0(l/s 2 ), as s — > +oo. Then, from 1)37(1 . we get that 

(44) T(s) = e - 41og l s lB+-2— + ( - 

s \s z 

Now, we come back to the proof of the asymptotics of G(s) in i). To this end, we will 
analyze each of the integrals in (|43|1 . 
Firstly, since |T| = 1, notice that 



e 

Then, 

Secondly, by taking into account l|35|l and the asymptotic development of c 2 (s) in Thcorem[7| 
part iv), precisely 

c 2 (s) = c 2 +oc + 2^- sin 4>(s) + o(^j, with ${s) = a+ + (s 2 /4) - 7+ log(s), 
we obtain 

c 2 T( S ) = e -^N B + U + 2 b -± sin&a)) - 2c\J± +o(± 
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SO that 



(s') 3 + °° 2s 2 + J s (s') 4 

(46) - 2cU £- c -^,^ d , + ^ 

On the one hand, notice that <fi'(s) = s/2 — j+/s ^ for s sufficiently large. Therefore, an 
integration by parts argument gives that 

On the other hand, a similar argument to that given in obtaining l|42|l . and using the fact 
that c(s) is bounded (see Lemma ^) conclude that 

(48) j^ e -Aio S \ S '\_^_ ds , =0 r^y as s ^ + ^ 

by using once again that c(s) is bounded (see Lemma P). Substituting (|4"7)l and lpi%|) into 
one gets 

(49) / ^ log|s| ^^ = 44 + (i 



Finally, from iflijl 



ylTxT = e- 41og|s| (^B+ x B+) - ^ (e Al ° s ^AB+^j x (cb) 



.A(cb) x (e- 41og l s lB+) +0 . 



2 

s 

Therefore, from l|48|l 

(50) = ^+ x B + + o ( i ) . 

The substitution of (03, ijiSt an d (fHTTfl into (|4*3|) concludes the asymptotic behaviour of G(s) 
stated in i), that is 

(51) G(s) = se- 41og l s lA+ + e ' Al0S ' S ' {2c 2 h00 B+ - „4B+ x B+} - 4 ^ + O (\ 

s s l \s 6 

From l|44|l and l|51|) , we see that giving more accurate asymptotics of G and T implies the 
study of the associated vectors cb and cn. We will continue to obtain a closed formula for 
c(n — ih) which is valid for s sufficiently large, a^O, B$ ^ ±1 and c +oc ^ 0. 

We firstly observe that, because A is an antisymmetric matrix, AT ■ T = 0. Then, 
under the above assumptions on a and B% , the expression for T(s) in (|44J) asserts us that 
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|T 3 (s)| < 1 when s is sufficiently large. Then AT ^ and we can consider {AT, T, AT x T} 
as a basis of K 3 . Thus, the vector c(n — ih) can be written as a linear combination of the 
elements of this basis. 

To this end, recall that (see (gUJ) and (gTJ) 

AT = -2c(t - s/2)n + 2c s h, and AT x T = 2c s n + 2c(r — s/2)b. 

Therefore, because n_Lb, b_LT, n_LT, |n| = |b| = |T| = 1, we obtain 

dc 2 /dc 2 

c(n - ih) ■ AT = -2c 2 (t - s/2) - i— = -i [ — - 2ic 2 {r - s/2), 

ds \ ds 

c(n — ih) • T = 0, and 

dc 2 

c(n - ih) ■ (AT x T) = —f 2ic 2 (r - s/2). 

ds 



As a consequence, we conclude that 

, .1 \ (dc 2 n , 2 , .A / ylTxT . .4T 

(52) c(n - ib) = — 2ic 2 (t - s/2) — — — — - - t-r-r^p 

y ' v ' \ ds J Vl^ TxT l l^ T l 

(notice that ^b2\ ) is valid whenever T^(s) ^ ±1 and a / 0. In particular, it is valid if c = 0. 

In that case, both sides are understood to be zero). 

Now, by using the asymptotic behaviour of T(s) given in l)44|l . we get that 

(53) ATxT-iAT = e AXo& \ s \{AB + x B+ - iAB+} + O ( ^ 

\\ s \ 

Also, it is satisfied that 

(54) |^T x T| 2 (s) = |„4T| 2 (s) = |^B+| 2 +o' 



•s 



On the other hand, from the asymptotics related to c(s) and t(s) in Theorem [7| it follows 
that 



2zc 2 (r - s/2) = b+ e l °+e^ (s) + O (J^j 



(55) ^ - 



with 4>(s) = (s 2 /4) - 7+ log |s|. 
From ((SHI) we obtain 



c(n-ib) = rTBTTa e^e Alos ^{AB+ x B+ - iAB+} + 0[ —r 



\AB+\ 2 

for some constant a+ € [0, 2ir). 

The proof of (i)-(iii) is now an immediate consequence of the above identity, (|44|) . (|51|) . 
and Notice that l|110(l follows from (|107|) . which is also true if c±oo = because it 
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just involves |/| 2 = c 2 and h = -(AT ■ T')/2. In fact. (fTU7|) easily follows from Lemma [TJ 
and using that, from the equation Ij22|) . h rewrites as h = — a(G$ — sT^)/A (see RemarkEJ. 
Besides, observe that the constants in Theorem 03 (or, equivalcntly in Theorem ^ m the 
introduction) are directly deduced from the ones in Theorem {7\ and Lemma ^ Finally, we 
prove the part (iv). Let a ^ and = +1. Then, 

a 2 (I - T 2 )| s=oc = \AT x T| 2 | s=co = 0, 

and therefore h(+oo) = y(+oo) = (recall h = -(AT ■ T')/2 and y = (AT x T) • T'). 

Assume now that c+oo = 0, so that a 2 = a 2 , by using Lemma^ Then, y = h = solves 
(|105jl (recall that E(0) = a 2 /4 -see IjlOOjl ^ so that (dc 2 /ds) = 0, and since c +00 = 0, we 
obtain c(s) = 0. Hence, G(0,0, s). 

Secondly, we assume that c+oo 7^ 0. Then c(s) ^ for s large enough and 1|52|) is valid 
whenever AT ^ (i.e., a^O and T 3 ^ ±1). 

Let us prove that T^s) ^ ±1 for s large enough. Notice that, since = +1, it is enough 
to see that X^s) ^ 1. To this end, assume on the contrary that there exists so large enough 
such that T3(,so) = 1. Then, there exists {s„}„ — > sq, as tt, ^ +oo, such that T3(s„) 7^ ±1 
and T3(s n ) — > 1. Hence, from ()52J) . we get that c(so) = 0, which contradicts the assumption 
c +oo 7^ 0. Therefore, (|52|l holds true for s large enough and letting s — » +00 we get that 
c +oc = 0, which also leads to contradiction. 

The same arguments as above prove that, in the cases when = 1 or B^ = — 1, 
G(s) = (0, 0, +s) or G(s) = (0, 0, — s), respectively. This concludes the proof. 

□ 

2.3. Scattering problem for the curve G. 

We will finish this section proving the Theorem [3 concerning with the scattering problem 
for G(s). More precisely, 

Theorem 6. Given a ^ 0, B+ = (B+,B+,B+) G § 2 with ^ ±1, a + E [0, 2tt) and 
b + > 0, £/iere exists a solution G(s) 0/ 



(56) 



(1 + A)G - sG' = 2G' x G", |G'| = 1 
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satisfying the following identities: 
(57) i) lim e -^l»l5M=A+ 



s — > + oc 



(58) it) lim e-- 41og|s| T(s) = B 



S — > + OC 



(59) in) lim e -») e -^'°eNI(f _ iT xT')(s)= , ,„ (AB+ x B+ - iAB+), 



b+e ia + 

v ~ "~ " * |.4B 

w/iere A+ = (2 + ^)- 1 B+, tj>(s) = (s 2 /4) - 7+ log |s| 



+ + 6+ 

7+ = 3ai?3 + a and a = — a_Bg - 



a 2 [l-(B 3 +) 2 ] 

Moreover, if 6 + > 0, ifte solution is unique. A similar result can be obtained at s — ► — oo. 
Proof of Theorem^ Existence. Firstly, observe that, whenever T is a solution of 

(60) .4T = sT' + 2T x T" 
with initial data 

(61) |T(0)| = 1 and T(0) • T'(0) = 0, 
then G(s) such that 

(62) G'(s) = T(s) and (X + .A)G(O) = 2 T(0) x T'(0) 

satisfies (gSJ, and (X + .A)G(O) • G'(0) = 0. 
Indeed, from HfiOjl . 

d| G /,2 = ^If =2T -T' = 0, s^O and 

as as 

4-(2" + ^)G = iT + T = sT' + 2TxT" + T = 4(sT + 2TxT'). 

as as 

Then, (|56|l follows from the above identities and the initial conditions in (|61|l and (1621) . 
respectively. 

Moreover, from the results in Sectional the condition (|57|) is satisfied with 

A+ = (2 + Ay 1 ( lim e~ Alog ^T(s 

Previous remarks allow us to reduce ourselves to prove the existence of a solution T of 1|6U[I 
and (|f> 1 p satisfying the limiting conditions (|58|l and (|59(l . 
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It is easy to see the existence of a global solution of <|6(J|) and Ijtjlfl : Given a fixed initial 
data (T(0),T'(0)) as in @3J, consider G(s) such that 

(63) G" = - (I + _4)G x G', 



(64) (I + i)G(0)=2T(0)xT'(0) and G'(0) = T(0). 

Notice that (EU and (§3 imply that |G'(0)| = 1 and (X + A)G(0) ■ G'(0) = and thus, 
there exists G(s) global solution of (JHSJ-JEH (see Section©. Moreover, G € C°°(R; R 3 ) and 
|G'(.s)| = 1, V.s G R. 

Now take T(s) = G'(s). Then, deriving wc obtain that T(s) is a solution of l|6*U)l. 
On the other hand, from 0ats = O, 2G"(0) = (T + .A)G(0) x G'(0). Therefore, 

T(0) = G'(0), |G'(0)| = 1 and 

T(0) • T'(0) = G'(0) • G"(0) = G'(0) ■ h{J + A)G(0) x G'(0)] = 0, 

so that the initial conditions in (|61(l are satisfied. 

Finally, recall in the sequel that, if T is a solution of Q60|l and (|6I(I . then G defined in l(62jl 
verifies 1(55)1. Hence, we have already proved (see l|25jl. (|77jl and Lema^l that T satisfies the 
following properties: 

(65) |T(s)| = l, T(s) • T'(s) = 0, and |T'(s)| 2 = -aT 3 {s) ~ 0, Vsel, 

with/3= -|T'(0)| 2 -oT 3 (0). 

We now come back to the proof of Theorem^ For a fixed o^O, B + £ S 2 with Bg 7^ ±1, 
a + G [0, 27r) and 6 + > 0, there exists a unique a € R such that 

(66) b + = yfa?(-aB+- a )(l-(B+)*), i.e., a = -ai? 3 + - — _ & j B + )2) ■ 

In particular, as we have already observed at the beginning of the proof, the result in 
Theorem will follow from the existence, for this value of a, of initial data (T(0),T'(0)) 
such that 

(67) |T(0)| = 1, T(0)-T'(0)=0 and |T'(0)| 2 = -oT 3 (0) - a, 
and T(s) solution of 

(68) = sT' + 2T x T", 
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associated to this initial data, satisfying the limiting conditions (|58fl and (|59|l . The existence 
of such this solution is based on a compactness argument. 
To this end, consider the compact set 

K a = {(u,v) £l 3 xl 3 /|u| = l, u- v = 0, |v| 2 = -au 3 - a}, 

with u = (ui,U2,Us), and for s > 1 define the operator W(s) given by 

( T(0) \ / e -- 41 °sl s lT(s) \ 

W{s) = - , V(T(0),T'(0)) G K'\ 

\ T'(0) j ^-We^m^T'-jTxT')^) I 

where T is a solution of l|67 )l -l|6l3 |) and 4>(s) = (s 2 /4) - (3T 3 (s) + a) log \s\. 

Recall that we have already proved the global existence of a solution of the problem (|67|l - 
lp)%|l. so that W(s) is well-defined. Also, it is easy to see that W(s) is a continuous operator, 
Vs > 1. 

Assume momentarily that the following claim holds: 
Claim. Let be B + , a+, 6+ and a as above, and sq > 1. Then, there exists initial data 
(T(0),T'(0)) G A' Q , depending on s , and T(s) solution of lff)£|) associated to this initial 
data such that 

(69) e -- 41os l s °lT(.s ) = B+, and 



(70) e -i4(s ) e -Aio g \s \( T , _ iTx t / )(sq) = (AB+ x B+ - UB+), 

\AB | 

with Ts(so) = B3". 

Now, choose a sequence {s„ : s„ > l} n eN such that s n — > +00, as n — * +00. Then, for 
any fixed n G N the above claim ensures the existence of initial data (T„(0), T^(0)) G K a , 
and T n (s) solution of Ij68(l with this initial data such that the following identity holds 

e-^l'»lT n (« n ) 
B+ \ 

(71) = . ia , , Vn G N. 

The compactness of the set K a yields the existence of (T(0), T'(0)) G K a such that 

(72) T(0)= lim T Bfc (0) and T'(0) = lim T^(0), 



W{s n ) 
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for some subsequence of {(T„(0), T^(0))}„ £ n- 

Next, consider the operator W(oo) = lim s ^ +00 W(s) denned as follows 



W(oo) = Inn W(s 

s— »-+oo 





(73) = lim 

s— >+oo 



e -- 41 °sl s lT(s) 
e -Alo S \s\^ T , _ iTx T')(s) 



where T(s) satisfies (gEl with initial data (T(0),T'(0)) G A Q . 

Notice that, from ggj and the fact that (T(0),T'(0)) G A'", it follows that 

|T(s)| = 1 and |T'(s)| 2 = -aT 3 (s) - a with a = -oT 3 (0) - |T'(0)| 2 . 

Also, from the Serret-Frenet formulae (see J2Jl), c(n— ib) = T'— iTx T', where we understand 
that both sides are zero if T' = 0. 

The above remarks and the asymptotic behaviour of T and c(n — ib) (sec parts of 
Thcorem^a-nd Remark^) assert the existence of the limits in the definition of W(oo), so 
that W(oo) is well-defined. Moreover, from Remark E] it follows that W(oo) is continuous. 

Now take the initial data (T(0),T'(0)) in J72J). Then, the continuity property of W(oo) 
and the identity l|71(l yield 



W(oo) = lim W(oo 

k^oo 



lira lim 

fc— >OG S— >+CO 





e -Alo S \s nk \ Tnk{Snk) 

Sn k ) e -Alo S \ 8nh \ iT , _ iT „ iX r )( S „J 



(74) 



B+ 

(.4B+ x B + - iAB^ 



because s„ k — > +oo, as fc — > +oo. 

From (|74|l and the definiton of the action of W(oo) on the initial data in (|72|l . we conclude 
that the solution of l|f>7|) associated to the initial data in Ij72(l satisfies the limiting conditions 
in and |J55J|, that is 

. / e-- 41 °sl s lT(s) \ / B+ 

s ^+°° y e- 1 ^ e -^iog| a |( T / _ . T x T , )(s) J y i!+^(_4B+ x B+ - iAB+) 
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The result in Proposition[5]is an immediate consequence of this idcntiy, by noticing that the 
first limiting condition gives that lim s _> +00 Ta(s) = ■ 

We now come back to the proof of the claim: Let sq > 1. Firstly, we notice that the 
global existence of solution of l|t)7|> - (|68|) and the identities in l|t)5|) reduce the problem to 
finding (T(so), T'(so)) <E K a satisfying the conditions in the statement of the claim, that is 
© and (23 . 

Then, from (|69|l . it follows that T(so) is given by 

(75) T(s ) = e" 41og l So| B+, 

and in particular Tz(so) = B% . 

On the other hand, by taking into account ffify in ifTHjl . we obtain that T'(sq) should 
satisfy that 

e -i*(«o) e --*iog|»oi( T /_ iT x t')(s ) = nrsxi e- Alos ^(AT xT-iiT)(s ), 
or, equivalently, 

(76) (T' - *T x T')(s ) = u {AT x T - L4T)(s ), 

for some known weC which depends on B$ , a + , fe + and a, and such that |w| 2 = fr^/|*4B + | 4 . 

In order to prove the existence of T'(so) solution of the above equation, firstly observe 
that, because B+ ^ ±1 and T(s ) = e Alo % l s °lB+ (see J75J|), it follows that T 3 (s ) 7^ ±1, 
so > 1, and therefore AT(sq) ^ 0. As a consequence, the set of vectors 

B = {T(s ), (AT x T)(a ), ^T( So )} 

is a basis in R 3 (recall that, because ^4 is an antisymmetric matrix, (AT ■ T)(sq) = 0). 

In the coordinate system associated to B, T = (1,0,0) and, by taking into account that 
(T •!")(«) = (see {030, T'(s ) = Pi (AT x T)(s )+ f3 2 AT(s ), where the (real) scalars ft 
and ft are uniquely determined by the equation ft + ift = w, just by rewriting the equation 
(17611 in the coordinate system associated to B. 

Now it is easy to check that (T(so), T'(so)) G K a . Indeed, on the one hand, from H75J) 
and ||Znj, 

|T(* )| = 1 and T(s ) • T'(s ) = 0. 
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On the other hand, from (J3, T 3 (s ) = B$ and \uj\ 2 = b\/\A&\ A , we get that 
2|T'( S0 )| 2 = 2M 2 |.4T( S o)| 2 = 2 |.4B+| 2 . 

Then, using the definition of b + in (|p^|) and the fact that |.4B + | 2 = a 2 (l — (S3") 2 ), from 
previous identity we conclude that 

|T'(.s )| 2 = -aB+ -a = -aT 3 (s ) - a 

This finishes the proof of the claim. 

The proof of the uniqueness is based on a uniqueness result for the solutions of the self- 
similar Schrodingcr equation that will be proved in Section 01 (see Lemma El in Section . 
Uniqueness. Assume G J , j = 1, 2, are two solutions of (|56|l satisfying H57JI . i|58|) and 
for some given a ^ 0, B + £ § 2 with B% ^ ±1, a + £ [0, 2tt) and b + > 0. Let Cj and Tj 
denote respectively the curvature and torsion related to 

Consider also the functions fj{s), j = 1,2 defined through the relations Ij96(l . i.e, 

/j(«)e^ =c J ( S )e^ T3(s ' ) " s ', i = l,2, 

and the associated functions /ij = 3m(/j/j) and t/j = c?|/j| 2 /c?s. 

We begin to prove that /j, j = 1,2 satisfy the hypothesis in Lemma 13 
To this end, recall that it has been already shown that 

(77) AT x T = 2c(r - s/2)b + 2c s n and c 2 (s) = -aT 3 (s) + a, 

for any G(s) solution of equation l|56(l (from l|41|) and by using the Serret-Frenet formulae 
in 

Firstly, notice that from (|59|l . it is easy to check that 

2 "^IB^ = siToo ^ - ^ X T ^ |2(S) = s^oo 2 |T ^ |2(S) = 2 ^ ' = X ' 2 ' 

Then, 

(78) 4ooj = 4<» with c +- = y^^^°- 

because -B^ ^±1, a^O and 6+ > or, equivalently, 

(79) \fA 2 + oo = l/l+oc with |/|2 oo = _M_^ . 
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Also, from (JHSJ, 

(80) lim UTj x TMs) = \AB + x B+l, j = 1,2. 

s— *+oo 

Besides, from (1771) . 

|^Tj x T,| 2 (s) =4(( C ;) 2 + Cj 2 (r, -s/2) 2 ), Vsel, j = 1, 2, 
and, by taking into account the above identities together with (|97|l . we obtain 

(81) l/jl+oo = |/'| + oo, with |/'| +00 = |.4B+ x B+l/4. 
Finally, we will prove that 

(82) lim e^-^+.i 1 °8l i l)(/ i /<)(«) = ^e- fa + ) j = 1,2. 
To this end, notice that the part in Theorem |H1 asserts that 



1 



( \ &™&fS) ( s ) = e'^e^ W + O (y^) , ^ +co, 



where (f>i,j{s) = (s /4) — 7 +J Tog|s|, and the constants a+j, 7+j and &+j are defined in 
Theorem |SJ 

Let us continue by proving that a+j and fe+j do not depend on j = 1,2 under the limiting 
conditions f5%|t and (|5§|l . 

Indeed, from the Serret-Frenet equations, H97(l . I|52|l . (|83|l and (|58(l . it is easy to see that 

lim e -*) e -^sM(T'-iTxT / )(s)= lim e -^) e -^°& M c .( s ) ( n _ jK )(s) = 
lim e -^(4+(3|c 3 (,)l 2 +2 Q )iog|,|) e -^io g | s | [ M _ 2i C 2 (r, - s/2) ) (-4T, x Tw - UT,)(s) 

s^+oo \ cts J J 

= // . ,("' (.4B x B+ - UB+). 

Here, it has been used that —(3\cj(s)\ 2 + 2a) — 7 +J - = — 3(|cj(s)| 2 — c 2 ^ ■) = o(l), as 
s — > +oo, in obtaining the last identity. 
Then, the above identity and (|5§|l yield 

b+j = b + and a +,j = a+, j = 1,2. 

The identity l|82(l easily follows by substituing the above identities into JH2J>- 

Now, notice that under the conditions (|79J) . (|81J) and l|82(l . Lemma |21 concludes that 

^AL! (s) = ^Al! (s) and Sm(f l f[) = Sm(f 2 &), s>s »l. 
as as 
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Hence, 

dr 2 dr 2 

^£L (S ) = ^ (s) and c f (Tl _ s /2) = c 2 2 (r 2 - a/2), 

by taking into account (|97|l . 

Next recall that c 2 +IX} • = c 2 ^ 7^ (see (CHI)- Then, from the above identities we obtain 

ci(s) = c 2 (s) 7^ and Ti(s)=T2(s), Vs> s > 1- 

Therefore, there exists p rotation in R 3 such that 

(84) T 1 (.s) = p(T 2 ( S )), V.s> So . 
Now observe that, from (|84|l and l|58(l . we get that 

lim e-- 41og|s| p(T 2 (s)) = Urn e'^^T^s) = B+. 

s — >+oo s — >+oo 

Then, writting p = (aj,j)f j=i from the above identity follows that 

lim (a 31 T^(s) + a 32 T^(s) + a 33 T^(s)) = B+ , 

s— >+oo 

where T 1 satisfies (|58|) . so that 031 = 032 = and 033 = 1. 

( e lS o\ 

As a consequence, p = , for some S S [0, 2tt), and 

V w 

e -^log| S | p = pe -^log| 8 | ) s ^ Qi 

Next, using the above identity and the fact that T 1 = p{T 2 ), from l|59|) we get that 

(85) AB+ x B+ - iAB+ = p(AB+ x B+ - iAB+). 

Denoting as before (B^ , i?^ , B^~) the components of B + and taking into account that p = 
e l& 



1 



, the first two components of the vectorial identity IJ85J) can be rewritten as 



a(B+ + iB+)(B+ + l)(e i6 -l) = 0, 

and, because B^ 7^ ±1 and a 7^ 0, we conclude that e lS = 1, S G [0, 27r), that is S = 0. Then, 
p = l 3x3 , so that 

T 1 (s)=T 2 (s), Vs>s >l, 
and therefore there exist a G R 3 such that 

G x (s) = G 2 (s) + a, Vs>s >l, 
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Finally, observe that from (|57|l 

G 3 (s) = se- 41og|s| A+ +o(\s\), as s -> +00 and j = l,2. 
Then, a = (0, 0, 0) and we conclude that 

G 1 (s) = G 2 (s), s>s >l. 

□ 

3. Properties of the curvature and torsion associated to the curve G 

In this section, wc analyze the properties of the curvature and torsion functions related 
to the curve G. We will assume through this section that c±oo 7^ 0. 

We will now continue to see how the Hasimoto transform allows to reduce the study 
of these properties to analyzing those of the (self-similar) solutions of the cubic non-linear 
Schrodinger equation. Though the argument can be found in some classical references as |10| 
and we have included it here for the sake of completeness. 

Firstly, notice that if 

(86) X(s,t) ^e^ lost VtG(s/Vt), 

then the associated curvature and torsion have the self-similar form 

(87) c(s,t) = -pc(s/Vi) and r(s,t) = -^r(s/\/t), 

yt yt 

with c(s) = c(s, 1) and r(s) = r(s, 1). 
Indeed, from l|8()|) we get that 

T(s,t) =e^ lost T(s/Vt), n(s,t) = logt n(s/Vt) and 



(88) b(s,t) =e^^ t h{s/y r t), 

where {T(s), n(s), b(s)} is the Serret-Frenet frame of the curve G(s) = X(s, 1) (i.e. T(s) = 
T(s, 1), n(s) = n(s, 1) and b(s) = b(s, 1)). Then, 

T.(M) = 4 ef log *T s (sM), b s (s,t) = -^e^^bsis/Vt) 
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and, from the Serret-Frenet system (see ©) we conclude that 

c(s,t) = n(s,t)-T s (s,t) = ^ 7 =(n-T s )(s/Vi) = - F c(s/Vi) and 

r(s,t) = -n(s 1 t).b.(«,t) = --^(n-b a )(«/V*) = -^r(«/Vt). 
Secondly, defining as in ^U] (see also p.p 195]) 

ip(s,t) = c(s,t) e^o T ( s '^ ds ' 

N(s,i) = (n + ib)(s,t) e i I " H*' ,t) ds'^ 
then ip solves the nonlinear cubic Schrodinger equation 

(90) i^ t + 4>s S + ^{\i'\ 2 + a(t)) = 0, 



(89) 



with 



r 2 



a(t) = -i(NfN)(0,t)- p 



or, equivalcntly, 

(91) a(t) = ((Ab • n)(0) - eg)/*. 

Indeed, from the identities in (|87|l and (|88fl . and the definition of the complex vector N in 
(|59"j) . it follows that 

N(s,t) = (n + ib)(s,i)e 1 ^ '"(*'.*) «^ = e ^ logt (n + ib)(s/Vi)e^ /VI t{s,) ds ' . 

Now, by deriving this identity with respect to the time variable, we get that 



v=b/ Vt 



(N) t (s, t) = Y t e4 1 ° gt (- 4 ( n + lh )(v) - V(n + ih) t {rj) - i V (n + ib)( V ) r( V )) e^o '"(-') ds ' 
Then, evaluating these identities at s = 0, 

N(0, t) = log *(n + ib)(0), N t (0, *) = ±ei log U(n + zb)(0), 
and therefore, 

(N t -N)(0,t) = ^e^ los *^(n + ib)(0)-e^ lost (n-ib)(0) 
= — A(n + ib)(0) • (n - »b)(0) = ^ -4b • n(0). 

Here, we have used that A is an antisymmetric matrix, so that Av ■ v = 0, and lo s* is a 
rotation in K 3 . 



a.s 
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Next, notice that, because c(s,t) and r(s,t) satisfy <|87|l . the function ip can be written 

i>(s,t) = -^{s/y/t), 

where 

(92) V00 =c(s)e^o r(s')ds'^ 

and, from the equation l|9()(l and l|91|l . it follows that ip(s) solves 

(93) ^^L {ij + s ^ ) + t m 2 + a) = , 

with a = a(l), that is 

(94) a = Ah ■ - c 2 Q . 
Finally, if we introduce the function / through the definition 

(95) m = f( s y s2 /\ 

then / satisfies 

r+*f/'+{(i/i 2 +«)=o. 

On the one hand, recall that from the definitions of ip and / in l|92|) and l|95|l . it follows that 

(96) f(s)e ,s2/4 ^c(s)e^^ s "> ds \ 
so that 

(97) m 2 = c 2 , \f\ 2 = c 2 s +c 2 (T-s/2) 2 and Zm(ff') = c 2 (t - a/2). 

On the other hand, we have already seen that if X(s, t) of the form (|86|) is a solution of LIA, 
then T = G' satisfics-see Lemma ^ an d l)4()[l- 

AT = c(s - 2r)n + 2c s b and c 2 = -aT 3 (s) - a, 3 

from which the above identities rewrite as 

(98) \f\ 2 = -aT 3 (s)-a, \f\ 2 = ± \AT x T| 2 and 3m(//') = —^AT ■ T'. 



^Define v = 2cob(0), so that |v| 2 = 4cq. From the definiton of a in 1941 and the evaluation of 1221 at 
s = 0, it is easy to see that a = T(0)- [-4 (^) x ]^[] - ~ T = ~aT 3 (0)-c§ = -aT 3 (0) - \ (X + „4)G(0)| 2 . 
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Finally, recall the definitions of the pair (y, h) in l|17|) and l|19fl : 

dlT'l 2 f v 

(99) V= dT 1 h = --AT-T' and | + ifc = //'. 

The identities in (|97|) reduce the problem of studying the properties of c(s) and t(s) to 
analize the properties related to the solutions / of the latter equation. In fact, the following 
theorem is an immediate consequence of l|97|l and the results that will be proved in the next 
section for the solutions of the latter O.D.E. (see Theorem|HJ). 

Theorem 7. Let X(s,i) = e^ l ° st \/tG(s/ and let c(s) and t(.s) denote the curvature 
and torsion related to the curve G(s) = X(s, 1). Then, 

i) There exists 4 £7(0) > such that the identity 

holds true for all s£l. 
ii) c(s), c s (s) and r — s/2 are bounded globally defined functions. 
Hi) The limits lim s _> ±oo c(s) = c± ao do exist and 

c 2 (s)-4oc = 0(l/| S |), S ^±oo. 

iv) Moreover, the following asymptotics hold as s — > ±oo: 

c\s) = 4 fl0 -^( T .,/2)-2| + o(|i) 1 

G £ + - s>) (s) = t — " s) - 4 + 4 fa - 1) ^ — 

2 s z 2 s z \l s l / 

Here, 4>{s) = (s 2 /4) — 7± log|s|, a± is a constant in the interval [0,277), 

7± = -3 4oo ~2a, 7± =2i?(0)-(3 C 2 ±oo + a )( C 2 ±oo +a)/2, 

6 2 ± = 4c 2 ±co (£;(0)-( C 2 ±co +«) 2 /4) wtft 6±>0, 

1 o 2 

(100) a = -aT 3 (0) - - |(X + ^)G(0)| 2 and £7(0) = —. 

4 Notice that, from J§3 and |SHJ, it follows that E(0) = a 2 /4. 
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4. SELF-SIMILAR SOLUTIONS OF THE CUBIC NON-LINEAR SCHRODINGER EQUATION 
Theorem 8. Let f be a solution of the equation 

(101) y + i if + l(\f\* + a ) = o t aeR . 

Then 

i) There exists E(0) > such that the identity 

\f'\ 2 + \(\f\ 2 + a) 2 =E(0) 

holds true for all s £ R. 

ii) f(s), f'(s) and Tm(f f')(s) are bounded globally defined functions. 

Hi) The limits lim s _> ±00 \f\ 2 (s) = l/H^ and lim s _ > ± 00 |/'| 2 (s) = \f'\±oo do exist and 

l/l 2 - l/l±oo = O (A) > S^±0O. 



«v) XTie following asymptotics hold as s — > ±oo: 



lif(s) = |/|Lo-^m(/70(s)-2^ + o(^3 



y 2\ e - io± 
2~J 

_ b_±2± Ms) b±7± £^ iMs) +Q (_L 

2 s 2 + 2 s 2 VN 3 

v) Moreover, if |/| +00 7^ or |/|_oo ^ 0, £/ien 
/(*) = \f\±oo e 4C± + 2i |/'| ±oc — e*»« - |/| ±00 (|/| 2 ±00 + a)— + O (^J , 

p ic± 

f(s) = |/'| ± o e ld± e*( s )+ l |/| ±00 (|/|| 00 +a) e*< s > 



|/|^ 00 +a) + l (37 ± -^+7±)'l 

D i(c±+o±) 



2|/'| ± oc(|/| 2 ±00 + a) e <(*+*OM + O (Jj^ 
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Here, 

' <Ms) = (s 2 /4) ~ 7± logM, 
2 ( S ) = (|/| 2 ±oo + a)log| S |, 

Ms) = ~( s 74) - (21/Hoo + «) log M, (i.e. <fe = 2 - X ) 
l/l±oo, |/'|±oo > 0; a± c± are arbitrary constants in [0, 2ir), d± = c± — a±, 

7± = -3 |/| 2 ±oc - 2a, 7±=2^(0)-(3|/|| oo + a)(|/|| oo + a)/2 > and 

(102) 61 = 41/1^ (£(0) -(!/&„, + a) 2 /4) mi/i 6± > 0. 

Remark 5. The maps (/(0), /'(0)) — ► (|/|±ooj c ±: |/'|±oo, o±) are continuous. This follows 
from the construction of the solution. In particular, from l|107[) . (|113fl . (|124|l . and from the 
convergence of the integrals ifT ^ -lfT ^ . 

Proof of Theorem^ Firstly, by multiplying the equation 1)101(1 by /' and taking the real 
part, it is easy to see that 

§ = ^[i/'i 2 + ^(m 2 + ao 2 ] = o, 

so that the following quantity is preserved for all s 

(103) |/f + \{\f\ 2 + af =E(0). 

As a consequence, we get that / and /' are globally well-defined, 

|/(*)|, |/'(*)| < C and \Sm(ff')(s)\ <C, Vs e R. 

This concludes i) and ii). We will now continue with the proof of iii)-v) in the case s — > +oo. 
The case s — ► — oo follows using the same arguments. To this end, we consider the functions 
h(s) and y(s) defined through the following identities: 

(104) h = $m(ff) and y =^lL. 

ds 

On the other hand, since / solves (|101|) . we obtain 

h'(s) = Zm(f'f + ff") = - 8 -^- = - S -y(s), 

and 

y' = 2 |/'| 2 + 28*e(/"/) = sh + 2|/'| 2 - |/| 2 (|/| 2 + a) = sh + g(\f\ 2 ), 
where g{\f\ 2 ) = 2E(0) - (3|/| 3 + a)(\f\ 2 + a)/2, by using the conservation law i fTH^ . 
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:S5 



Therefore, we conclude that the pair (y, h) satisfies the coupled system of equations: 
as 

(105) \ y' = S h + g(\fn 5 (|/| 2 ) = 2£(0)-(3|/| 2 + a)(|/| 2 + a)/2 

Also, since / and /' are bounded, h(s) and y(s) are bounded functions. Notice also that 
multiplication by / in (|1L)1|I yields 

ff+i S 2.r.f+ l - I f(\f\ 2 +a) = Q, 



from which we obtain 



Then, 



3m(/7)( S ) + -— =0. 



4 ds 



i r s d\f\ 2 

Sm(f"f)(s')ds' + 1 1/1 (J ^ J 



ds 



and integration by parts gives 



(106) 
so that 
(107) 



l/l 2 -- / \f\ 2 = —(h(s)-h(0)), 



l/l ) =+7(1/1-7/ l/l ) =--^(Hs)-h(0)), s^O. 



Since h is bounded, from the above identity we get that the limit linis^+oo (1/s) J Q S |/| 2 
exists and, from (|106|l . it follows that 



lim - f |/| 2 = l/l 

s— +00 s J 



2 

+00 • 



Notice that, from the conservation law 1)1 03|) and the above identity, we also obtain the 
existence of the limit lim s _> +00 |/'(s)| = l/'l+oo- 

Now the integration of (|107fl from s > to +00 yields 



l+oo 



(108) l/l 
From (|106j) and (|108|l . we get 

(109) i/i 2 (*)-i.m 



\imds^, h M 



~°°^V S >0. 



{s'f 



-4^+4 
s 



l\2 Ub ' 



(S>) 



Mi 
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and, by taking into account that h is bounded, we conclude (Hi), that is 

1 



(110) 



l/r(*)-l/l+oo = o 



+00. 



We now continue to prove the asymptotics in (iv). 

Defining 7+ to be the limiting value of ,g(|/| 2 (s)) as s — > +00, that is 



(111) 



7+ = 2E(0) - - (3|/| 2 +oc 



«) (I/I? 



a)=2\f\l 00 - \f\% 00 (\f\l 00 + a), 



(recall the conservation law (|103|l 'l and taking into account that h = y'/s — g(|/| 2 (s)) 
(see I|1O50 ). it can be shown that 



(112) \f\ 2 (s)-\f\l c 



-12 



-A- + 4 / -^--f ds' = -4- +4 



(s>) 



A2 



(*0 3 
r(l/lV))-7-t 



( s ) 



+00 



a' J s (s') 3 
Also, defining 7+ to be the limiting value of g'(\f\ 2 (s)) as s — > +00, 

l+=sK\f\%oo) = -3\f\%c 



ds', 



s > 0. 



(113) 



2a, 



from the definition of g(\f\ 2 ) in I|1U5|) and I|11U|) . it follows that 
ff(l/| 2 ) - 7+ = 7+(l/| 2 ( S ) - l/l+oo) - ^(I/I 2 (s) - l/l+oo) 2 = O 



as 



Therefore, taking into account the above observations in Q112(l . we conclude that 
\f\ 2 (s) = \f\ 2 +00 -4--2^± + o(± 



+CC. 



(114) |/|2 (s) = | / |2 oo _ 4 __ 2 I+ +0 / \ as s ^ +00 . 

This finishes the proof of the asymptotic development related to |/| 2 (s) in iv). In order to 
derive the behaviour of y(s) and h(s) for s sufficiently large, we will consider in (|105|l two 
new variables u and v defined through y(s) and h(s) as follows 

(115) y(s) = u(s 2 /4) and h(s) = v(s 2 /4). 

Then, defining t = s 2 /4, i.e., \s\ = 2y/t, from ifTUS) and (jTTS) . we obtain that u and v satisfy: 



(116) 

Therefore, 
(117) 



/(i) = 2v(t) + 



9(\f\ 2 (2Vt)) 

Vt ■ 



and 



v'(t) = --u(t). 



^7+ 7+ , (g')(|/| 2 (2Vt))- 7+ .g(|/| 2 (2Vt))~ 7+ 
- U+ T U -2^ + 1 U 2^ ' 
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Observe that, because / and /' are bounded, |/| 2 , y and h are bounded. Then, from (|115f) 
and l|116(l . it follows that 

(118) \u(t)\<C and \u'(t)\<C, Vi > 1, and 



(119) h(2Vt)=v(t) = --^ ^ = Y + 

Next, notice that (|117fl rewrites as 

(120) 1 1 = 1 + ¥ o)("') + U With 

pm 7 + , {g')(\f?{2Vt))- 1+ g (|/| 2 (2y^))-7 + 
From the definition of g, r y + and 7+ (sec <|105|) . (jl 1 If) and 1|113|) . respectively), we get that 
g(\f\ 2 (2Vt)) - 7+ = 7+(l/| 2 (2^) - \f\ 2 +00 ) - | (\.f\ 2 (2Vt) \f\ 2 +ao ) 2 , and 





1-1 







(121) ( 5 ')(l/| 2 (2^)) - 7+ = -3 (m 2 (2V0 - l/l 
where, using (|114(l and (| 1 1 9|) . 



2 1 

+oc)- 



Substituting the above identity into expression l|121[) . after some straightforward calculations 
we find that 



t — > +00, 



so that 

,_„„. < , 74. mm' 7+ «' 3-7+ u ./ 1 \ 

(123) Fa (t) = -^j s+ S w + ^-^ + 0{^ s y as t^+oo. 
The diagonalisation of the matrix defining (|120|l . and the change of variables: 

1 1 



(124) I = Pi , with P = ) ; A+ = y/l - 1+ /t 
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give that the new variables wi and W2 satisfy 

[ e«A tA + J \ 2X +{ -F 2 ) + 4t 2 (l- 7+ A) ^ -(twa-ttfO J J ' 

Notice that, because u(t) and are real valued functions, from the definition of w\(t) 
and u>2 in (jl24Jl . it is easy to see that 

(125) u>2 = wi- 

As a byproduct, in order to analyze the solution of the latter system of equations, we can 
reduce ourselves to study its first component, that is 

(e-^+wx) (t) = e-*/i tA + L^F a (t) + _B_ ( W _ Wl )( t )^ =e -'J^ + /(t), 

To this end, wc integrate the previous identity from 1 to t 3> 1 to obtain 

(126) e- i ti x +w 1 {t)=w 1 (l)+ j e~^i x + I{t')dt' 
Notice that flgg) and ((HS) yield 

f W A=P-^( U )= 1 J U -^ U '), sothat ^ 
Then, from (|123J) and the above observation, we get that 

Here we have used the asymptotic behaviour of (1 — 7+/t) 1 when t 3> 1, and the fact that 
both u and u' are bounded for t sufficiently large (see Remark in 111181 ). 

Therefore, from l|126|) and i|127|) . we obtain 
(128) 

e-/. _ , + - ^_ _ 3 _ + ^ _,| +0 (^j , 

with z + = lim t _> +oc e _4 ^i A+ u>i(i), that is, 

(129) Z+ =«, l( l)+/ + °Y<^ (_^ F2(0 + _i_ (roI _ mi)((V ,). 
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In particular, 

(130) unit) =z + e l X A +(l + 0(l/\/t)), as t — ► +00. 

Now, recall that A + = (1 - 7+/t)~ 1/2 = 1 + 0(1/*), as t -> +oo. Also, from and the 

fact that W2 = wi, we obtain 

(131) ( u ) =P ( W A = (^ + ^ _ 

Then, from (JT3UJI, it follows that 

u = w 1 + wT = z+e 1 # A + + — A* A+ + 0(1/ Vi), and 
uu' - i\(z 2 + e 2i tt x +-(z^ ) 2 e~ 2t ^ x + +0(1/Vtj). 

On the one hand, if we write e~ l $i A + = (e~ 1 ^ A+ ) s /(— iA + ), an integration by parts 
argument shows that 



+oo 



e-*tt A + dt' f +oc e-'ti A + .., „ f 1 \ „ / 1 



(132) /, -zrw-h -w^ dt,+ °(w)' (w 

On the other hand, a similar integration by parts argument in the expression of uu'(t) yields 

dt' = O - , as * -> +oo. 



A+ (i') 3/2 \t 
Hence, from l)128|l . we get that 

wi(t) = z+e^* A +(1 + 0(1/*)), as t -> +oo. 

Next, arguing with this new expression for wi(i) instead of with l|13U|l . the same ideas as 
before show that 

-^(^^ = °(*" 3/2 ) and / -^W* T + ° r ) - 

By replacing these identities into (|128|l and taking into account (|132|) . it follows that 



e- l l^+w x (t) =z+ \i---LZij , as * -> +oo, 

so that, writing z + = 6 + e m +, for certain a+ £ [0, 2ir) and 6 + > 0, we conclude 



In the sequel, the constant a+ £E [0,27r) may change its value at each occurrence 



(133) Wl (t) = b + e^'^ +a ^ (l--2± l \+ (^y as * -> +oo. 
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Coming back to i|131|) . from i|133|) wc obtain the following asymptotics for u(t) and u'(t), 
as t — ► +00: 

b+ ( - ll \ sin0(i) , „f 1 



(134) «(t) = 6 +C os0(t) + ^ ( 3 7+-^J ~ ^ + C \ 

// n , . ,/ \ b+ r y 2 _\ cos6(t) b + sin (b(t) _ / 1 

with a + e [0, 27r) and 0(f) = a + + i - ^ logt, £ > 0. 

Finally, recall that y(s) = u(s 2 /4) and h(s) = v(s 2 /4) (see I|115|l 1. Also, from (jll9|) and 
(H23), it follows that 

Therefore, from the asymptotics related to it and it' and these two observations, we get that 

7+\ sin0(s 2 /4) / 1 



y( S ) = 6+ cos 0(s 2 /4) + 6+ ( 3 7+ - -f ) ""^ ' v + O 



;3 



, / % b + . ,, 2/J . 7+ 6+ / _ 7+\ cos0(s 2 /4) 

*(«) = ~f sm^ 2 /4)-f +f (37+ -f j ; 2 

(136) - 7+ 6 + Sin y /4) +o(^) as S ^+oo. 

The asymptotics of //' in iuj is now an immediate consequence of (jl36[) . and the fact that 
//' = y/2 + ih (sec l|l()4|l ). Besides, in particular from (|136|l . 6+ = lim s ^ +00 \y + 2ih\(s) = 
2 l/|+oo|/'|+oo, that is 

(137) 6 + = 2|/| +oo |/'| + oo>0 and b\ = 4 \f\ 2 +ao (£?(0) - (|./f +oc + a) 2 /4), 

using the conservation law (|l(J3fl . 

Finally, we give the proof of v). We start the study of f(s) in the case when |/|+oo 7^ 0. 
To this end, by using polar coordinates in the plane, we write f(s) as 

The asymptotics for /(s) will follow from the ones concerning with p(s) and ip(s). Notice 
that p 2 = |/| 2 . Then, from (fTH)t and fiSty . we obtain 

b+ sin</>(s 2 /4) 1 / 6^ \ 1 



p(s) = l/l+ ^ 1+ i^u~~ + ro:r- 

2 



(!38) +^ + 



6+ cos2<£(s 2 /4) : n f 1 



rX 
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Secondly, since f(s) = p(s) e l(p ( 8 ', ^sm(ff') = tp' p 2 and, from the asymptotics of h(s) 
^sm(ff') in 1)136)1 . we obtain 

2 IA , fo~ 7+\ cos^(s 2 /4) sin0(.s 4 /2) / 1 



If we now use 1)1380 in the previous identity and integrate the result from 1 to s > 1, we 
obtain 

1 / ^ \ . . . , 6+ cos,/>( S 2 /4) 

l+oo 



I/ft*, V 21/1^; 01 1 |/| 



fe^ sin20(s 2 /4) : ^ ( 1 

"2j 

with (sec ifOTj) and ((TTT|) ) 



11391 -^7fc^^ + 



<140) mu[mr-" +]=mu+a - 



Hi 



hoc 



Finally, recall that f(s) = p{s)e llp ^ s \ Then, after a few simplifications where we use the 
identities 0(s 2 /4) = a + + <f>i(s), b + = 2\f\ +00 \f'\ +00 and (fllUjl . from {TSSjl and fHgfy we 
easily get that 

f(s) = |/| +00 e lc +e*^+2 l |/'| + oo— e^ 3(s) 

s 

p ic+ / 1 

(141) -l/l+ood/l+oo + e * (S) + TIT 



with = (l/l 2 ,^ + a) log |*|, Ms) = (02 - = -(.s 2 /4) - (21/1^ + a) \og\s\ 

and d + = c+ — a + . This concludes the proof of the asymptotic behaviour of f(s), when 

l/l+oo^O. 

We now consider the case |/|+oo = 0. Then, b + = (sec 1)1401 ). and from the results in 
the part iv) it follows that 

(142) |/( S )| 2 = 2^ + 0(1) ,s^+cxd, 
with 7 + = 2\f\ +00 . 

Next, define 5 = e~ i/31oss /, where (3 = \ f\ 2 +ao + a = a. Since / solves l)l()l)l . we get that 
g solves 

(143) U(4+2/31og S ) 5 'l' = et (4+2/31og S ) 
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with 



G(s) = -| ~ MtJ + 3 = f 2 W + - 7+) + 

bearing in mind (|142() . 

Simple computations give the asymptotic behaviour of /(s) in the case |/|+oo 
In order to obtain the asymptotics of f'(s), we observe that 

i/iY =/(//) =/Q^+^(/f: 

so that 

(144) /' = A f- ^A" + ^m(/7'' 

V ' 3 |/| 2 ^2 UJ ' 

whenever |/| 2 (s) 7^ 0. 

Recall that p(s) = \f(s)\, 0(s 2 /4) = a+ + M«), K = 2|/|-h»|/'|+oo and 7+ = 2\f \ 2 +oc - 
l/l+ood/l+oo + Then, the behaviour related to f'(s) in the case |/|+oo ^ easily follows 
from l|144(l . the asymptotis of //' given in the part (iv), l|138|) and (|141(l . The same argument 
is valid in the case |/|+oo = 0, by using 1|142[1 instead of 1138|l . To this end, it is enough to 
observe that |/'|+oo 7^ 0, if |/|+oo = 0, unless f — (see Lemma 0m the following pages), 
so that 7+ = 2|/'| +oc 7^ 0. This finishes the proof of the Theorem |H1 

□ 

Remark 6. The parts (Hi) and (iv) also hold true for the quantities 

d|T'| 2 1 



and h = --AT -T', 



ds 2 
with T = G' and G solving the equation l)22|l. that is 

(145) (2 + A)G — sG' = 2G' x G", |G'| 2 = 1. 

In order to prove this remark, it is enough to observe that the identity (|107|l is also satified 
because it just involves |/| 2 = c 2 and h. In fact, l|l(J7|) is a consequence of Lemma ^ and the 
identity h = —a(Gs — sT^)/A, which easily follows from the equation Q145JI . 

Also, notice that the pair (y, h) defined as above is a solution of the system l|l()5|) with 
E(0) = a 2 / 4. To this end, we firstly observe that the derivation of (|145Jl gives that 

(146) .AT = sT' = 2T x T", |T| = 1, 
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from which it follows that 



dlT'l 2 

(147) y = =±±-L = (AT x T) • T'. 

as 



Then, 



Also, 



ti = — - AT ■ T" = -- (sT' + 2T x T") ■ T" = -- y. 

2 2 y ' 4 y 



y' - sh = [AT x T)' • T' + (.AT x T) • T" + | AT • T', 
where, from Lemma ^ we get that 

(AT x T)' = ((0, 0, -a) + aT 3 T)' ■ T' = -(|T'| 2 + a)|T'| 2 and 



(AT x T) ■ T" + - AT • T' = -AT ■ (T" x T) + - AT • T' 

2 2 

= -\ |AT| 2 = £ (1 - T 2 ) = \ (a 2 - (|Tf + a) 2 ), 

so that 

J/'-^=y-^(3|T'| 2 + a)(|Tf+ a ). 
Finally, from LcmmaQ] observe that y and h are bounded functions. 

Remark 7. Using a fixed point argument in (|128J) . we obtain: Given z + 6 C, 7+ and 7+, 
there exists to sufficiently large and a unique w\ € C(t > to)- with sup t>to < 2|z+|, 

solving the integral equation l|128|l . Moreover, Wi(t) satisfies the following limiting condition 

lim e" 4( *-^- log|t|) Wi(t) = z+. 

t — >+oo 

To this end, consider X to be the following set 

X = { Wl e C(t > t ) I \\wx\\ x = sup |wi(f)| < 2|z+|}, 

t>t 

and define the operator Twi as the righthand side of l|128|) -see also l|120|) - (|122[l -. Then it is 
easy to prove that T : X — ► X is a contraction on X. 
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Theorem 9. With the same notation as in Theorem\$ given complex numbers \f\ +oc e' iei 
and \f'\ +00 e ie ' 2 , with \f\ +OQ , |/'|+oo > and Q\, 82 G [0, 2tt), there exists a unique solution 
f G C 2 (R) of 1777?)) such that 

lim e-*^W/(*) = l/l+oo^ 1 and 

s — >+oo 

(148) 

lim e-^f(s) = \f'\ +oo e i0 \ 



A similar result can be obtained as 



s — ► —00. 



Proof of Theorem^ Existence. Given 9\, 02 G [0,2-71"), |/'|+<x> an d l/l+oo > 0, define the 
compact set 

= {(Z!,z 2 ) G C x C / N 2 + |(|^| 2 + a) 2 = |/'| 2 +00 + i(|/| 2 +00 + a) 2 }- 

We continue to prove that for fixed a, |/| +00 e* 6 ' 1 , l/'l+ooe 2 and so > 1 5 there exists 
(/«o(0)j /sn(0)) ^ an< ^ / solution of H101(l associated to this initial data such that 
e - 4 (|/( So )| 2 + a)iog| So | /(so) = |/| +oo e 4ei and 

(149) 

el (4+(2|/ (s „)| 2 +Q )iog| So |) / , (so) = |//| +ooe <fc. 
To this end, firstly define 

/( So ) = |/| +00 e^e^^U+«)^l«ol and //( So) = |/'| +ooe ^ e -i(# + (2|/lU+«)io g |,o|). 

Notice that, from the above identities, it follows that |/(so)| = l/l+oo and |./'(so)| = |/'|+oo- 
Hence (f(s ),f(s ))€D a . 

Secondly, the ODE's theory asserts us the existence of a local solution of I|1U1|) . in particu- 
lar for any D a . Moreover, by taking into account the conservation law (|103f) . we observe that 
such this solution is globally well-defined. As a by-product, we can consider (/ So (0), f' So (0)), 
and from flT13|t wc conclude that (/ So (0), /^ o (0)) G D a (because (/(s ), f(s Q )) G D a ). 

Next, for s > 1, define the map F(s) by 

/ j(o) \ / e - i (l/( s )l 2 + Q ) 1 °gkl/( s ) 



F(s) 



V(/(0),/'(0)) GCx C, 



\ /'(0) / V e l( T"+( 2 l/( s )l a ) lo gl s l)/'( s ) 
where / is a solution of (|101|l associated to the initial data (/(0), /'(0)). 
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Let {s n : s n > l} n >i be a sequence such that s n — > +00, as n — > +00. For any 
fixed n £ N, we have proved the existence of (/ ra (0), /^(O)) € D" and /„ solution of (|101|) 
associated to this initial data such that (see l|149)l ) 



(150) F(s n ) 



< /„(0) \ / e -(l/™(^)| 2 +«)log| S »l /n(Sn) \ / |/| 

V /;(0) / V ^4+(2|/-.(^)l 2 +«)iogKI) /;(Sn) J \ |/'| +00 e* 



Notice that, because D° is a compact set, there exists a subsequence of {(/ n (0), /^(0))} n gN 

such that 

(151) 

and 



lim /„,(<)) =/(0) 

k — *-+oo 



lim /; fe (0)=/'(0), 

k— >+oo 



for some 



(f(0),f(0))GD a . 



Now, define F(oo) = lim s ^ +00 F(s), i.e. 



F(oo) 



/(0) 



V f(o) 



= lim F(s) 

S — '+OO 



/(0) 



V f (o) 



= lim 

s — '+OO 



-i(l/(^)| 2 +a)log|s| 



/(*) 



^ e +*(T+( 2 l/( s )l 2 + Q ) lo gM)/'( s ) J 



Theorem|Hl part iv) and v), asserts us the existence of the above limits, and therefore F(oo) 
is a well-defined operator. Besides, F(oo) is continuous (see remark EJ. 

We now consider the initial data l|151|) . Then, by taking into account the continuity 
property of F(oo) and the identities in H150|) . we obtain 



F(oo) 




lim F(oo 

k — >-\-oo 




l/l 



+00 1 



lim lim 



i(^+(2\fn k (s)\ 2 + a )log\s\) f, 



e -K 4 



fL(s) 



l/'l+ooe 1 



The limiting conditions in (|148|l are a consequence of the definition of F(oo) and the above 
identity, by taking into account that |/(s)| 2 — l/l+oo = °(1) ; as s ^ +00. This concludes 
the proof of the existence. 

We will now continue to prove the uniqueness of such this solution. We will need the 
following lemma. 

Lemma 2. Let fj, j = 1,2, two solutions of $101\) such that 

(152) l/j|+oo = l/l+oo, l/jl+oo = |/'| + oo and 
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(153) lim e i ^(f j f j )(s) = \f\ +00 \f\ +c 



with <f>i,j(s) = — -7 +J -log|s| and 7+J = -3\fj\ 2 +00 - a, 
for some |/| +OOJ |/'|+oo > 0, and a + e [0, 2ir). Then, 

^^00 = ^00 and 9fm(/i/i)(a) = 9m(/3/2)(«) V s > s „»l, 
as as 

that is fif[ = /2/2J Vs > So 3> 1. -A similar result can be obtained at s = —00. 

Proof. Assume fj,j — 1,2, are two solutions of H101J1 satisfying (|152(l and l|153(l . and consider 
hj = Qm(fjfj), yj = d\fj\ 2 /ds, and the associated wij(t) defined through the change of 
variables (|115|1 and (|124l) . 

By using l|115|) . (|135|) together with (|124|l and (|125fl . after some straightforward calcula- 
tions one gets that 

lim e* j(s) (/ 3 '/;)(s)= lim e** 1 -' (s) ( ^ + ih<) (a) = 

lim e i ^ 2V ~ t U^+w i )(t)= lim e^" 2 * 1 log l*D e"^ log2 W7(t). 



Here, we have made use that A+j = yl — {l+,j/t) = 1 + o(l), as i — *■ +00 in obtaining the 
last identity. 

Therefore, from the previous identity and the limiting condition l|153|) . we get that 



(154) lim e -i (* — = log |4|) u;i At) = b+ e~ ia + e'^+'i log2 . 

On the other hand, from Ijl52|l it follows that 



(155) 7+ = 7 +:i , 7+ = 7 + j and A + = A+j = \/l - (7+/*), 3 = M, 

for some 7+, 7+ and A+ depending only on |/|+oo and |/'|+oo (independent of j). 

Next, notice that because the r.h.s. in l|128|) is 0(1/ Vi), as t — > +00 and l|155|) . from 
(|128jl and (|154|) . it is easy to check that 

z+,j=z + , j = l,2, 

for some z + depending on the fixed values |/|+oo, |/'|+oo, ®i and 82 ■ 

Previous analysis shows that Wij, j = 1, 2, are two solutions of the integral equation in 
(|128J) . for the above values of z+, 7+ and 7+ and, in particular, |wij(t)| < 2 \z+\, when t is 
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large enough. Then, from Remark[7| it follows that = Wi^it), Vt > to and to large 

enough. Therefore, after undoing the change of variables, we get that 

yi(s) = j/2(s) and hi(s) = h,2(s), Vs large enough. 

□ 

Uniqueness. Given |/|+oo, |/'|+oo > and 6\, 62 € [0, 27r), assume fj, j = 1,2, are two 
solutions of Ql()l|l satisfying (|148|l . that is 

(156) lim e-^->^ f J ( S ) = \f\ +oc e lf>1 and 

s— »-+oo 

(157) lim e-^W/j( fl ) = |/'| +00 e <9 ». 

Case l/l+oo 7^ 0: Define hj — Xm(fjfj) and yj — d\fj\ 2 /ds. Then /ij and yj (see l|l()4|l ) are 
solutions of the system of ODE's in 1)105(1 . and therefore the associated wij, j = 1,2, defined 
through the change of variables l|115|) and (|124f) . is a solution of the integral equation l|128|) . 



with z + j e C, A +J = yl — l+.j/t and 7 +J - and 7+j given by (|111|) and (|113|l . 
Now, from (|156|) and (j 1 5 7|) . we firstly observe that 

(158) l/l+oo = |/il+oo and |/'| +tx) = |/<| +OOJ j = l,2. 
Besides, from (I156f) and (|157(l . we obtain 

(159) lim e^^(f J f J )(s) = \f\ +0C \f\ +0O e^-^ : 

where recall that <f>\j{s) — (<p2.j ~ 03,j)( s ) = ( s2 /4) — J+.j log |s|. 
Then, Lemma yields that 

(160) W-( S ) = ^M_( S ) and lm(f 1 f' 1 )(s)=Xm(f2f! l )(s), s large enough. 
We will continue to prove that /i(s) = f2(s)- To this end, we describe fj{s), j = 1, 2 as 

fi( s ) = Pj(sy V3(s \ Pj(s)>0 and pj-(s)eR, 

so that, 

1/j'l = ft? aild ^' = Im (fjfj) = <Pj Ph j = 1 > 2 - 
From the first identity in i|160|) one gets that |/i(s)| = |/2(s)| 7^ 0, Vs si and si large 
enough, because |/i| +00 = I/2I+00 = l/l+oo 7^ (see (j!58|)L Then, 

Pi(s) = P2(s) 0, Vs>si. 
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Now, recall that hi = h 2 and hj = <p'j pj , so that 

<Pi(s) = f2(s) + 6 , Vs>si>l, 

for some 9q G K, because pi(s) = P2(s) ^ 0, Vs > s\. As a consequence, 

h(s) = h(s)e te °, V.s> Sl . 

Finally, by taking into account the latter identity in the limiting condition l(156() . it is easy 
to check that #0 = 2fc7r, for some k € Z. Therefore, we conclude that 

h(s) = f 2 (s), Vs>si c.q.d. 

Case |/| +00 = : Define 9j = e r la ^ s f h for j = 1 and 2, and (f>(s) = (s 2 /4) + a log |s|. 
On the one hand, by using (|156|l and (|157|l we obtain 

l/j-l+oo = 0, lim fli («)=0 and Urn e*«ffi(«) = |/'| +00 e^ 2 , 

s — > -\-oo s — > + oo J 

so that, from l|143[) . it is easy to see that gj are solutions of the following integral equation: 

p-\-oo r-\-oo p-\-oo 

(161) g{s)=z+-z+ e-*^) dr) + e -**W e^'Us' dr), 

J S J S J 7] 

where = 0, z\ = |/'|+oo e. > an d 

G(s) = - 9 ~(\g\ 2 (s)-\g\*) + ?^P±g. 



Also, since fj solves ()101[) and |/j|+oo = 0, \g\ 2 — \g\+oo = 0(l/\s\ 2 ), as s —* +00 (see iv) in 
Theorem |HJ). 

On the other hand, a fixed point argument proves that: there exists Sq sufficiently large 
such that 11611 has an unique solution in the space 

X = {geC([s ,+o )), lim <?(*) = and \g\ 2 - \g\ 2 +00 = 0(l/|s| 2 )}. 

s — *+oo 

As a by-product, we obtain g±(s) — g2(s), Vs > sq. Thus /i(s) = /a(s), s > sq. □ 

Remark 8. If / solves (fTUT|) and |/| +0o = !/!_«, = 0, then /(s) = 0. 

Indeed, let / be a solution of 1)101(1 such that |/|±oo = 0. Then, the asymptotics in (iv) 
of Theorem 0] imply that 

(162) |/| 2 (s) = \ l±+o( V with 7±=2|/'|Lo. s^±oo. 
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Now define 

^(s,t) = ^ r f(s/Vt)e i ^-^ 1 °^ t>0. 
yt 

It is easy to prove that ip(s,-) is a solution of the cubic non-linear Schrodingcr equation, 
that is, 

iipt + ipss + ^W -0, (NLS) 
and, from fifty . ip(s, •) € L 2 (R). 

On the other hand, the conservation of the L 2 -norm of the solutions of (NLS) yields 

+co > \imM;t)\\l 2(K) =limi f|i/( S M)e^-f*)| 2 d 8 

= Hm-L / |/(^)| a df,>lim^ / l/Cr?)! 2 ^, 
*i° v* tiQ yt J\v\>i 

with JLi^ \f(v)\ 2 dil < +00, because of Q162JI . As a consequence, we get that \f{i])\ = a.e. 

|r/| > 1, and using (|162(l we conclude that 7± = 2|/'|| oc = 0. 

The result in the remark now follows from Lcmma|21and the fact that |/|±oo = |/'|±oo = 

(notice also that / = is a solution of (|101|l ). 

5. Further results 

5.1. Symmetric solutions. 

Here, we consider two particular cases of solutions of the equation 

(163) G" = -(A + I)G x G'. 

These solutions come from the symmetry properties of the above equation. For these special 
cases, we will able to obtain more specific properties that the ones obtained in Section [3 
We study what we will refer as to "Odd Case" and "Mixed Case". 

I. Odd Case : Let G$ be a solution of (|163J) with the initial conditions 

(164) G*(0) = (0,0,0) and G^O) = (0, ^/l-5 2 ,5), 5e[-l,l]. 
Then, 

G s (s) = -G s (-s). 

Indeed, notice that if G^- satisfies (|163[) and Q164JI . then G(s) = —Gg(—s) is also a solution 
of fifty . 

G(0) = -G«(0) - (0, 0, 0) and G'(0) = G'j(0). 
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Therefore, from the uniqueness assumption, we conclude that G<s(s) = —Gg(—s). 
For a fixed a <G R, consider the map T + defined by 

(G 4 (0) = 0, GJ(0) = (0, Vl-S 2 , S)) — > A+(S), 

with A + (<5) = (A^(5))j =1 the vector which prescribes the asymptotic behaviour of the 
solution G$ at s = +oo. 

We have already proved the continuity of T + (see Proposition |5J . On the other hand, 
observe that Gi(s) = (0, 0, s) and G_i(s) = (0, 0, -s), so that Aj(l) = landA^(-l) = -1, 
respectively. As a consequence, for any z^ G (—1,1), there exists S £ (—1,1) such that 
A+(6) = z+. 

In particular, if z£ = 0, there exists Sq £ (—1, 1) such that A'g (1) = 0. Thus, we conclude 
the existence of G,5 solution of \ 163(1 and (|164|l such that is asymptotically a plane spiral, 
that is 

G < 5 (s)«e' 41os l s lA + (5o), with At(5 )=0, as s -» ±oo 

(recall that G5 (s) = —Gg (—s), so that A + (#o) = A~(<5o), and the asymptotics in Propo- 
sition [SJ . 

Notice that, due to the invariance of l|163fl under rotations with respect to the OZ-axe, 
from previous remark it follows that we can "generate" all the solutions of ((163J) which 
asymptotically are plane spirals. 




In Figure 2, Figure 3 and Figure 4, we display the graphics of different solutions of ((163J) 
associated to an initial data of the form (|164f> . The right-handsidc pictures represent the 
solution near the point s = 0. 
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Figure 4. G(0) = 0, G'(0) = (0, VT~S^, 8), a = 50 and S = 0.9. 

Mixed Case : Now assume that G(s) is a solution of i|163|) and define 
5) G(s) = (G 1 (-s),G 2 (-s),-G 3 (-s)) 
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Then, a straightforward calculation gives that G(s) is also a solution of l|lt)3|) . Moreover, in 
the particular case when G(s) also satisfies the initial conditions 

(166) G(0) = (-^=,0,0) and G'(0) = (0, 0, 1), {resp. G'(0) = (0, 0, -1)), 

with Co > 0, from the uniqueness assumption and the invariance of the equation (|163|l under 
the transformation l|165|) . it follows that G(s) satisfies 

G 1 (s) = G 1 (-s) 
G 2 (s) = G 2 (-s) 
G 3 (s) = -G 3 (-s). 

In particular, from (|167fl and the definitions of A* in (|33|) . we get that 

Also, from Lemma Q] and the initial conditions in (|166J) . it follows that 

(168) c 2 (s) = —aT^(s) — a with a = — a— Cq {resp. a = a — Cq). 

In jS], we studied the case when a = 0. In the general frame when a is not necessarily zero, 
only some of the results that were established there can be recovered. We continue to see 
some remarks on this respect. 

Remark 9. If a = (i.e., A = 0), we proved in [H] that given any 6 <E (0, it], there exists G 
solution of (|163|l such that the angle between B + = A + and A = B~ is precisely 9. It 
would be interesting to prove that the same result holds for any A £ -M 3x3 . 

Remark 10. (Self-intersections) 

(i) Given a G M, if |co| > C2, with C2 large enough, then there exists < s « 1 such 
that 

G(s) = G(— s) (G has self- intersections) . 

In fact, arguing as in the proof of (ii) in [HI Proposition 4], we prove that G(s) = 
G(— s) if and only if G 3 (s) = 0, with G 3 (s) the solution of the following initial value 
problem: 



(169) 



G " + ( c2 + £) g 3-^g 3 = -^(i-(^) 2 ) 

G 3 (0) = G 3 (0) = ±1 G 3 '(0)=0. 
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By bearing in mind that c 2 = — aT^(s) — a (see Q168jl ). similar arguments to those 
given in [H] proves that, for values of the parameter cq large enough, the solution 
Gs(s) of H169(l vanishes for some < s « 1. 
(ii) If a 7^ 0, then Remark |3 asserts that the solution G(s) does not self-intersect when- 
ever a > 0, that is whenever c 2 , < —a (resp. c 2 , < a)-see (|168|l . Also recall that in 
|H| Proposition 4] we proved that, if a = and Co is sufficiently small, then G(s) has 
no self-intersections. 




Figure 5. G(0) = (2c 0/ Vl + a 2 , 0, 0), G'(0) = (0, 0, 1), a = 3, cq = 1.8. 




Figure 6. G(0) = (2c /Vl + a 2 , 0, 0), G'(0) = (0, 0, 1), a = 3, c = 0.4. 



Two different examples of solutions of Ijlfi^Jl associated to a data of the type Hlfifi[) are 
plotted in Figures 5, 6 and 7. Figure 5 represents a plane spiral at infinity. Notice that 
in any of the latter figures, we can clearly see the wavelike behaviour of the solutions. As 
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Figure 7. G(0) = (2c /Vl + a 2 , 0, 0), G'(0) = (0, 0, -1), a = 10, c = 4. 



before, in both figures the r.h.s. pictures are a zoom at the origin of the solution plotted in 
the l.h.s. picture. All figures in this paper have been generated using Mathematica 4.2. 

5.2. On an ill-posedness result for the initial value problem associated to cubic 
Schrodinger equations. 

Here, we address the question of existence and uniqueness for the initial value problem 
(IVP) related to cubic Schrodinger equations with the principal value distribution as initial 
data: 



(170) 




with 



t > o, s e R, 



ci eC\{0}. 



More precisely, the following ill-posedness result is true: 



Proposition 3. Let a > and consider the IVP defined in j!70\) . Then, either there is no 
weak solution tp for the IVP jl7U\) in the class 



t?ij>, t^\i(j\ 2 ^ £ L°°([0,+oo) : S'(R)) with 




or there is more than one. 
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Proof of Proposition^ The proof follows the argument in the proof of Theorem 1.5 in |14|. 
Briefly, assuming the existence of a unique solution of the problem (|1 7C)|) , then it has to be 
a self-similar solution of the form 



with / an odd solution of 



^,t) = ie^/(#), 



/" + ^/' + |(|/| 2 + a)=0, aeR, 

On the other hand, since a > 0, we get that 2|/| +co + a ^ 0, and therefore, from the 
asymptotics in (ii) in this section, it follows that either there is no limit for the solution 
i/)(s,t), as t — > 0, or the limit is identically zero, which contradicts the fact that tp(s, t) solves 

ifrrnji . □ 

Of special interest in Proposition [3] is the case a = 0. If this is the case, the equation 
in lj 170(1 reduces to the commonly referred in the literature as to be the cubic non-linear 
Schrodinger equation: 

iilH + V> ss + | |Vf = 0. (NLS) 

In this setting, it is important to be mentioned that in |14) Kenig, Ponce and Vega proved an 
analogous ill-posedness result to the one in Proposition [21 (a = 0) for the delta distribution 
as initial datum. They left opened the same question for the principal value. 

5.3. On the ill-posedness of the Localized Induction Approximation. 

We consider the following IVP: 

X t = X s x X ss , seM, t > 0, 
X(s,0)=X ( S ). 



(171) 



Take X(s, t) = y/iG{s/y/t) with G solving 

(172) Ic-^G' = 5b 
and the initial conditions 

(173) T(0)=ei, 5(0) = e 2 , b(0) = e 3 , 
where {ei,e2,e3} is the canonical basis in R 3 . 
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Observe that evaluating i|172|) at s = 0, we obtain 

(174) G(0) = 2 Co b(0) = (0,0,2c ), 

with Co = c(0) and c(s) the curvature associated to the curve G(s). 
In |Hj, it was proved that X solves ()171|l with initial data 

(175) X (s) = s (A+X[o,+oo)(s) + A~X(-oo,o](s)) > 

for some A + and A - unitary vectors in R 3 , depending on the parameter cq. 
Now define G(s) as 



-10 
0-10 
1 



(176) G(s) = G(s)x[ ,+oo)(s) +pG(s)x(_oo,o]( s ) witn P = 
We claim that: 

(177) X(s,t) = V~tG{s/Vt) 
is also a solution of (|171|) with initial data 

(178) X (s) = X (s)x[ ,+oo)(s) + pX (s)x(-oo,o](s)- 

We prove the claim by direct computation. 

Firstly, notice that Ijl77(l is a solution of LIA if and only if G satisfies 

(179) I G ( s M)-^=G'( s / v / t) = (G'xG")( S /v / t), t>0. 
Now, from (|176f) . we obtain 

G'(s) = G'(s) X( o, + ac)(s) +pG'(s) X{ -ooM s ) + [G(0) - pG(0)} S , 
with G(0) = pG(0), because of fT74) . Therefore, 

(180) G'(s) = G'( S )x(o,+oo)(s) +pG'(s)x(-oo,o)(s)- 
Next, differentiating the above identity we obtain 

G"(s) = G"(*)x(o,+oo)(«) +pG"(8)x ( _ OOl0 )(«) + [G'(0)-pG'(0p Ol 
and from lj 173(1 

G'(0)=ei = -pG'(O), 
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SO that 

(181) G"(s) = G"( s )x(o,+oc)(s)+pG"( s ) X( _ 00 , 0) ( s ) + 2e 1( 5o. 
We firstly compute (G' x G")(s). From fl%n|) and lfl%T|t . we obtain 

(G' x G")(s) = (G' x G")00x(o,+oo)(«) +p(G' x G")(s)x ( - OOl0 )(s) + 2G'(s) x e a J . 

Notice that G'(s) x ei can be extended to a continuous function up to s = because, from 
itTsTHl and (JTZSJ, 

hm G'(s) x ei = 0. 

s->0± 

As a by-product 

(G'xG")(s) - (G / xG")x(o,+o )(*)+p(G , xG")X(-oo,o)(«) 
= (cb)(s)x(o +00 )(s) + p(cb)(s)x(-oo,o)(s)- 

Moreover, from the initial conditions in (|173fl . it is easy to check that G' x G" can be 
extended continuously at s = and 

hm (G' x G")(s) = c b(0). 

s->0± 

In order to compute (G' — sG)/2 we use (|176f) . <|18(J|) and (|172|l . Then, wc obtain the following 

i G ( S )-|G'( S ) = fi G (s)-^G'(s)\x(o, + oo)(s)+P (j}G(s)-^G'(s)\x(o, + oo)(s) 
= (cb)(s)x(o,+oo)(s) +p(cb)(s)x(_ oo ,0)(s), 

and 

s lim Q G ( S )-|g'( S )) =cbb(0). 
From previous identities we conclude (|179J) . and therefore X(s,i) = v / iG(s/v / i) satishes 

(182) X t = X s xX SJ , seK i>0. 

Notice that X(s,t) = \/tG(s/s/t) is continuous for all s and t > (see (117011 and (I174|l ), 
and X s (s,i) = G'(s/\/i) is a real analytic function except at s = 0, where it has a jump 
singularity. In fact, using (|180|l and (|173Jl it is easy to check that 

lim G'{s/Vt) = ei, and lim G'(s/Vt) = -e ± 

s^0+ s-+0- 
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Then, here (|182f> is understood for 

X(s,i) 6 C ((0,+oo) : Lip^E)) 

and 

(X t )(s,-) eC(R), for all t > 0. 
Finally, using the same arguments as in the proof of in [HI Proposition 1] , we observe that 

|X(«,t)-Xo(*)| <2coVi, VseR. 

This concludes the proof of the claim. 

The claim asserts the existence of a (singular) solution of LIA associated to a given initial 
data Xo(s) as in Q178(l . Such this solution is different from the (regular) solution obtained 
in [8] for the same data. The following proposition gathers the above obtained ill-posedness 
result: 

Proposition 4. Given (A+, A - ) e S 1 x S 1 with A+ - A ^ 0, consider the IVP: 

\ X t = X s x X ss , seR, t > 0, 
(183) I 

{ X(s,0) =s(A+X[ ,+oo)(s)+A X(-oo,o](s)) ■ 
Then, there exist more that one solution for the IVP 1^1 83\) in the class 

X(«,t) eC((0,+oo) : lV(R)) , 

(X) t (s,-) G C(R) for all t > 0. 

Figure 8 illustrates the vortex line evolution for same value of Co (i.e, cq = 0.8). Precisely, 
the subsequent plots correspond to vortex position at time t = 1CP 4 , 0.1, 1, 1.5, 2 and 2.5 
(c.f. (HI Figure 1]). 
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